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Abstract 

In this paper we study the ring V of combinatorial convex polytopes. We introduce the algebra 
of operators T) generated by the operators dk that send an n-dimensional polytope P" to the sum 
of all its (n — fe)-dimensional faces. It turns out that T) is isomorphic to the universal Leibnitz-Hopf 
algebra with the antipode x{dk) = { — l)'^dk. Using the operators dk we build the generalized /- 
polynomial, which is a ring homomorphism from V to the ring Qsym[ti, . . . ][a] of quasi-symmetric 
functions with coefficients in Z[q]. The images of two polytopes coincide if and only if their flag 
/-vectors are equal. We describe the image of this homomorphism over the integers and prove that 
over the rationals it is a free polynomial algebra with dimension of the n-th graded component 
equal to the n-th Fibonacci number. This gives a representation of the Fibonacci series as an 
infinite product. The homomorphism is an isomorphism on the graded group BB generated by 
the polytopes introduced by Bayer and Billera to find the linear span of fiag /-vectors of convex 
polytopes. This gives the group BB a structure of the ring isomorphic to f{V). We show that the 
ring of polytopes has a natural Hopf comodule structure over the Rota-Hopf algebra of posets. As 
a corollary we build a ring homomorphism Ic,: V ^ such that F{la{P)) — /(f)*, where F is 
the Ehrenborg quasi-symmetric function. 

1 Introduction 

Convex polytopes is a classical object of convex geometry. In recent times the solution of problems 
of convex geometry involves results of algebraic geometry and topology, commutative and homological 
algebra. There are remarkable results lying on the crossroads of the polytope theory, theory of complex 
manifolds, equivariant topology and singularity theory (see the survey |BR] ). The example of successful 
collaboration of the polytope theory and differential equations can be found in |Buch) . 

To study the combinatorics of convex polytopes we develop the approach based on the ring V 
of combinatorial convex polytopes. In the focus of our interest we put the ring of linear operators 
£(7^) = Homz(P,P), and its subring generated by the operators dk, k ^ 1 that map an n-dimensional 
polytope to the sum of all it's (n — fc)-dimensional faces, d — di is a derivation, so "P is a differential 
ring. 

The ring V has a canonical structure of the Leibnitz-Hopf algebra (see Section 4) . We prove that V 
is isomorphic to the universal Hopf algebra in the category of Leibnitz-Hopf algebras with the antipode 
xidk) = (-1)'=4. 

V ~ Z/Jv 

where Z = Z(Zi, Z2, ■ ■ ■) is the universal Leibnitz-Hopf algebra - a free associative Hopf algebra with 
the comultiplication 

i+j=k 

and Jv is a two-sided Hopf ideal generated by the relations ^ {—iyZiZj = 0, n ^ 1. 

i-\-j—n 

This algebra appears in various application of theory of Hopf algebras in combinatorics: over the 
rationals it is isomorphic to the graded dual of the odd subalgebra S'_(Qsym[ii, ^2, • ■ • ]' Cs) |ABS[ 
Remark 6.7], to the algebra of forms on chain operators jBLiui Proposition 3.2], to the factor algebra of 
the algebra of Piery operators on a Eulerian poset by the ideal generated by the Euler relations |BMSW[ 
Example 5.3]. 
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The action of 2? on P satisfies the property D^{PQ) = /i o (ADt^)(P ® Q) so the ring V has the 
structure of a Milnor module over T). 

The graded dual Hopf algebra to Z is the algebra of quasi-symmetric functions Qsym[ii, ^2, ■ • ■ ]• 
The Qf-character : P — > Z[a] induces the homomorphism V — > 2?* [a], and the composition with the 
inclusion 2?* C Qsym[<i, t2, ■ ■ ■] gives the ring homomorphism 

/:P^Qsym[ti,t2,...][a] 

We call /(a, ti, ■ • ■ ) the generalized /-polynomial. In can be shown that /(a, ii, 0, 0, . . . ) = /i(a, t) 
is a homogeneous /-polynomial in two variables introduced in [Buch] . 
For simple polytopes /(a, ^1,^2, • • • ) = /i(a, + ^2 + • • • )• 
This paper has the following structure: 

Sections 2-4 are devoted to the necessary definitions and important facts about quasi-symmetric 
functions and Hopf algebras. 

Section 5 contains topological realizations of the Hopf algebras we study. 

Section 6 recalls important facts about flag /-vectors and emphasizes some peculiarities we need in 
this paper. 

Section 7 is devoted to the cone and the bipyramide operators C and B used by M. Bayer and 
L. Billera |BB| to find the linear span of fiag /-vectors of polytopes. We show that the operations 
C and B can be defined on the ring Qsym[ti, ^2, ■ • ■ ] H such a way that f{CP) = Cf{P) and 
f{BP) = Bf{P). 

In Section 8 the structure theorem for the ring V is proved. 

In Section 9 we introduce the generalized /-polynomial and find the functional equations that describe 
the image of the ring V in Qsym[ii, ^2, ■ ■ ■ ][q:]. These equations are equivalent to the generalized Dehn- 
Sommerville equations discovered by M. Bayer and L. Billera in jBBj . 

In Section 10 the condition that determines the generalized /-polynomial in a unique way is found. 

In Section 11 we describe the graded dual Hopf algebra to the Hopf algebra 2? as a subalgebra of 
Qsym[ti, ^2, • • ■ ] and find the image of V in the ring 2>* [a]. 

In Section 12 the multiplicative structure of the ring f{V^Q_) is described. We prove that fCP^Q) 
is a free polynomials algebra with dimension of n-th graded component equal to the n-th Fibonacci 
number c„ (cp = ci = 1, c„+i = c„ -I- c„_i). This gives the decomposition of the Fibonacci series into 
the infinite product 

^ 00 00 

ri=0 i=l ^ ' 

where ki is the number of generators of degree i. The infinite product converges absolutely in the interval 
\t\ < ■ "^^^ numbers fc„ satisfy the inequalities fc„+i ^ fc„ ^ — 2, where 7V„ is the number of 
the decompositions of n into the sum of odd numbers. 

In Section 13 we introduce the multiplicative structure on the graded group BB generated by the 
Bayer-Billera polytopes arising from the isomorphism with the ring f{'P). 

Nowadays Hopf algebras is one of the central tools in combinatorics. There is a well-known Hopf 
algebra of posets introduces by Joni and Rota in [JRj . Various aspects of this algebra were studied 
in jEhri ^BS, S chT] ISch2j . A generalization of the Rota-Hopf algebra was proposed in [RSj . In [Ehrj 
R. Ehrenborg introduced the _F-quasi-symmetric function, which gives a Hopf algebra homomorphism 
from the Rota-Hopf algebra to Qsym[ti, ^2, ■ ■ • ]• In Section 14 we show that there is a natural right Hopf 
comodule structure over the Rota-Hopf algebra on the ring V . It gives the natural ring homomorphism 
la ■ V TZ[a]. We prove that F{la{P")) = ,f{P")* and show that the Hopf comodule structure agree 
with the homomorphisms /* and F. 

Section 15 deals with the problem of description of flag /-vectors of polytopes. For simple polytope 
S'- theorem gives the full description of the set of flag /-vectors. As it is mentioned in [Zlj even for 
4-dimensional non-simple polytopes the corresponding problem is extremely hard. We show how this 
problem can be stated in terms of the ring of polytopes. 

2 The Ring of Polytopes 

For the notion of a convex polytope see the books [Gbl IZ2) . 
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Definition 1. A nng of polytopes "P is a ring of all combinatorial convex polytopes. As an abclian group 
■p = Z + pn,m-n^ whcrc 'p^hm-n jg ^ ^^.^^ abclian group generated by all n-dimcnsional 

combinatorial polytopes with m facets. The direct product of polytopes P x Q defines a multiplication 
and the point 1 = pt is a unit. 

It can be proved that P is a ring of polynomials generated by all indecomposable polytopes. n and 
m — n are graduations of the ring and it easy to see that there is a finite number of n-dimensional 
polytopes with m facets, so an abelian group P"' is finitely generated. 

oo n 

Definition 2. Let us denote = Z, = pn,m-n^ „ ^ ^^j^^ ^ pn 

m—n+l k=Q 

We will use the notations: P for a polytope, P" for a polytope of dimension n, p for an element of 

V, for an element of P". 

Definition 3. Let us define the ring of linear operators £{P) = ilomz{P,P) with the multiplication 
given by a composition of operators. 

Definition 4. Let dk be an operator defined on each polytope P" as the sum of all {n — /c) -dimensional 
faces. 

dfeP" = ^ P"-*^ 

For example, do ~ id, and d = d\ is a facets operator. Since d{P x Q) = (dP) x Q + P x (dQ), it is a 
derivation. So the ring of polytopes is a differential ring. 

Let us denote by 2? = V{V) C C{V) the subring of operators on V generated by dfe, fc ^ 1. 

The ring of polytopes contains a differential subring Pg, generated by all simple polytopes. 

In the ring of simple polytopes we have the relations: dk\-p = ^ , so 2?(Ps) is isomorphic to the 

divided power ring didj = 

In the general case as an abelian group the ring V is generated by the monomials = dj^ . . . dj^. 
where w is a fc-tuple (j'l, . ■ . ,jk), for some fc ^ 0, > 1. 

Definition 5. A composiiion cj of a number n is an ordered set w = {ji, ■ ■ ■ ,jk), ji ^ 1) such that 

n — ji + ■ ■ ■ + jk- Let us denote = n. 

The number of compositions of n into exactly k parts is given by the binomial coefficient (^Z}) • 
It is easy to see that 

dk{P xQ)= ^ diP X djQ = dkP X Q + d^-iP x dQ + ■ ■ ■ + P x duQ. 

i+j=k 

and 

D^{PxQ)= D^'PxD^"Q- (1) 

where for the compositions ui = {ji, ■ ■ ■ ,jk), = {j'l, - ■ ■ w" = (j", . . . ,ji„), ^' and Q" are all the 
fc-tuples such that 

r!' = (0, . . . , , . . . , 0, . . . , j;', . . . , 0), f}" = (0, . . . , Ji', . . . , 0, . . . , f/„ . . . , o), 

For example, 

ddsiP xQ) = (rfrfsP) X (Q) + {dd2P) X {dQ) + {d^P) X {d2Q) + (dP) x {d3Q)+ 

+ {dsP) X (dQ) + (rfsP) X {d^Q) + {dP) X {dd2Q) + P X {ddaQ); 

The list of summands corresponds to the decompositions: 

(1, 3) = (1, 3) + (0, 0) = (1, 2) + (0, 1) = (1, 1) + (0, 2) = (1, 0) + (0, 3) = 

= (0, 3) + (1, 0) = (0, 2) + (1, 1) = (0, 1) + (1, 2) = (0, 0) + (1, 3). 
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This formula gives a coproduct in V defined on the generators by the formula 

Arffc = di (g) dj 

i+j=k 

and thus V obtains the structure of a graded Hopf algebra with deg dk = k. 

Definition 6 {[N]). A Milnor module M over the Hopf algebra X is an algebra with unit 1 E k which 
is also a module over X satisfying 

x{uv) = '^^x'j^{u)x'^{v), X € X, u,v € M, Ax — "^^x^ (E) x'^. 

By definition of the comultiplication on the ring P 

fxAiD^){P®Q)^ D^PQ), 

therefore for the ring k — 1, we obtain the proposition: 

Proposition 1. The ring of polytopes V is a Milnor module over the Hopf algebra T). 
Another example of operators in £(7^) gives the multiplication by the elements of V: 

[P]{Q)^PQ 
Proposition 2. The following relation holds 

k 

Proof. 

k 

dk{PQ) = Y.^d,P)dk-^Q 



i=0 



□ 



Thus any operator in the ring 7^2? generated by V and {[P], P G P} can be expressed as a sum of 
operators 

P,UJ 

Definition 7. Define an a-character ■ P Z[a] by the formula 

^aP" = a". 

For a = set 



1, P" = pt; 
0, n^l. 



Let us denote e = ^o- 

Definition 8. Let us define an operator <^ : P ^ r[t], <^{t) e V[[t]] 



oo 

k 



= l + dt + d2t^ + dst^ + . . . = ^ dkt 



k=Q 

Proposition 3. 



4 



Proof. Let us note that ^adkP^ = fn-k{P^) - the number of (n — A;)-dimensional faces. Then for any 
polytope P" we have 



e_„$(a)P" = (-a)" + (-a)"- Vn-ia + • ■ • + /oa" = ( 5^(-l)7i ] a" = a" = ^.P", 
since the Euler formula gives the relation: 



i=0 



/O - /l + • • ■ + (-1)"- Vn-1 + (-1)" = 1 

□ 

Definition 9. Let P" be the n-dimensional polytope 

P" = {xe : {(H,x) + 1^ 0} 

Then a dual (or polar) polytope is defined as P* = {?/ £ K" : (y, x) + 1 > 0, Vx G P"}. 

There is a bijection F < — > between the i-faces of P and the (n — 1 — i)-faces of P* such that 

fcG^^go cfo. 

The operation * defines a linear operator on the ring V that does not belong to VD 

3 Quasi- Symmetric Functions 

Definition 10. Let ti,t2, ■ ■ ■ be a finite or an infinite set of variables. For a composition oj = {ji, ■ ■ ■ ,jk) 
consider a quasi- symmetric monomial 

h<-<lk 

Degree of the monomial M,^ is equal to |a;| = ji + • • • + j^. 

For any two monomials M^i and M^n their product in the ring of polynomials Z[ti, ^2, • • • ] is equal 

to 



where for the compositions w = {ji, ■ ■ ■ ,jk), ^' = (ii) • • • )i;/)> = Oi ) • • • lii")) ^' and Cl" are all the 
fc-tuples such that 

n' = {o,... . . . ,0, . . . ... ,0), n" = (0, . . . . .,o,...,ji'„ . . . ,o), 

This multiplication rule of compositions is called the overlapping shuffle multiplication. 
For example, 

1. 

^(1)^(1) = ( E *0 E = E + 2 E t^^^ = ^(2) + 2A^(i, 1). 

This corresponds to the decompositions 

(2) = (1) + (1), (1, 1) = (1, 0) + (0, 1) = (0, 1) + (1, 0). 

2. 

M(i)M(i,i) = (e*^) E^j-^fc ) = E**^^- + E*^*^' + 3 E ^^^^■^'^ = 

\ i / \j<k J i<j i<j i<j<k 

= M(2,i)+M(i,2)+3M(i,i,i). 
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This corresponds to the decompositions 



(2, 1) = (1, 0) + (1, 1), (1, 2) = (1, 0) + (1, 1), 
(1, 1, 1) = (1, 0, 0) + (0, 1, 1) = (0, 1, 0) + (1, 0, 1) = (0, 0, 1) + (1, 1, 0). 



3. 



\i<j J \k<l / i<j i<j<k 

i<j<k i<j<k i<j<k<l 

= M(2, 2) + 2M(2, 1, 1) + 2M(i, 2, 1) + 2M(i, i, 2) + 6M(i, i, 1, 1) . 

This corresponds to the decompositions 

(2, 2) = (1, 1) + (1, 1), (2, 1, 1) = (1, 1, 0) + (1, 0, 1) = (1, 0, 1) + (1, 1, 0), 
(1,2,1) = (1,1,0) + (0,1,1) = (0,1,1) + (1,1,0), (1,1,2) = (1,0,1) + (0,1,1) = (0,1,1) + (1,0,1), 
(1, 1, 1, 1) = (1, 1,0,0) + (0,0, 1, 1) = (1,0, 1,0) + (0, 1,0, 1) = (1,0,0, 1) + (0, 1, 1,0) = 
= (0, 1, 1, 0) + (1,0, 0, 1) = (0, 1, 0, 1) + (1, 0, 1, 0) = (0, 0, 1, 1) + (1, 1, 0, 0). 

Thus finite integer combinations of quasi-symmetric monomials form a ring. This ring is called a ring 
of quasi- symmetric functions and is denoted by Qsym[ii, . . . ,tn] (where n is the number of variables. 
In the case of an infinite number of variables it is denoted by Qsym[ti, •••])• 

Proposition 4. A polynomial g G Z[fi, . . . , tm] is a finite linear combination of quasi- symmetric mono- 
mials if and only if 

g{0, ti,t2, - ■ ■ , tm-l) = g{tl, 0,t2, - ■ ■ , tm-l) = ■ ■■ = g{t\, . .., tm-l, 0) 

Proof. For the quasi-symmetric monomial we have 



Mu{ti, . . . ,ti,0,ti+i, . . . ,tm-l) 



0, w= (ji,...,j™); 

M^iti, . . . ,ti,ti+i, . . . ,tm-i), ^= (ii,---,jfe), k<m. 



So this property is true for all quasi-symmetric functions. 

On the other hand, let the condition of the proposition be true. Let us prove that for a fixed com- 
position w any two monomials t\^^ ■ ■ - and tp . . . tp have the equal coefficients gj^' '"'f^ and gp' "'//''• 

Let ?i + 1 < Zj+i or i = A; and U < m. Consider the corresponding coefficients in the polynomial 
equation: 

g{t\, . . . ,ti.-i,0,ti^,ti.+i, . . .,tm-i) = g{ti, ■ ■ ■ ,tl^-i,tl^,0,tl^+i, . . . ,tm-l)- 

On the left the monomial . . ■tf.t'i'^\_i ■ ■ - tj^-i has the coefficient 9il''/,','J^+ij._^_^^,„j^ and on the right 

9ll' ''t 1+1 Ik' ^■'^^y equal. Now we can move the index li to the right to Z, + 1 and in the same 
manner we can move U to the left, if Zj-i < Z, — 1 or i = 1 and Zj > 1. 

Now let us move step by step the index Zi to 1, then the index Z2 to 2, and so on. At last we obtain 
that<•;;;;l^=5^:;,■,■;^^ □ 

The same is true in the case of an infinite number of variables, if we consider all the expressions 

00 

/ ^ / ^ / J li,...,lk ll *'* Ik' 

k=l l^(i< - <ifc ji, ...Jk^l 

of bounded degree: |w| = j'l + • • • + j/c < iV. As a corollary we obtain another proof of the fact that 
quasi-symmetric functions form a ring. 



6 



In [H] M. Hazewinkel proved the Ditters conjecture that Qsym[ii, ^2, • • • ] is a free commutative 
algebra of polynomials over the integers. 

The n-th graded component Qsym"[ti, t2, • ■ • ] has rank 2"^^. 

The numbers /3i of the multiplicative generators of degree i can be found by a recursive relation: 

l-2t 

There are ring honiomorphisms: 



Vm+l ■■ Qsym[ti, ...,tm] Qsym[ti, . . .,tm+l] ■ Um+1-M"(^(tl, ■ • ■,trn) = M^{ti,. . . 

Mm : Qsym[ii, . . . ,t,„+i] Qsym[ti, . . . , i^] : t^+i 0; 

The mapping sends all the monomials corresponding to the compositions (ji , . . . , jm+i) of length 
m + 1 to zero, and for the compositions w of smaller length u^M^iti, . . . , im+i) — M^{ti, . . . , 

It is easy to see that UmVm+i is the identity map of the ring Qsym[ii, . . . , tj^]. 

Given to > there is a projection IlQsym ■ '^[ti, • • • , tm] — > Qsym[ti, . . . , tm] ® Q: 
for ji < 32 < ■ ■ ■ < ik 



TT 4-Jl J-Jk 



•™^ ( X! ■■■ *h ) 

\li<-<lk / 



which gives the average value over all the monomials of each type. 

Then for the quasi-symmetric monomial Af^j, uj — {ji, . . . we have: 

So IlQsym is indeed a projection. 

Remark. We see that in the theory of symmetric and quasi-symmetric functions there is an important 
additional graduation - the number of variables in the polynomial. 

Definition 11. For a composition uj = {ji, ■ ■ ■ , jk) let us define the composition oj* ~ {jk, ■ ■ ■ , ji). 
The correspondence AIi^ — >■ (Mi^)* — M^-* defines an involutory ring homomorphism 

* : Qsym[ii,t2,---] -> Qsym[ti,i2, • ■ •]■ 



4 Hopf Algebras 

In this part we follow mainly the notations of [H]. See also |BR) and [CFLj . 
Let i? be a commutative associative ring with unity. 

4.1 Leibnitz-Hopf Algebras 

Definition 12. A Leibnitz-Hopf algebra over the ring R is an associative Hopf algebra Ti over the ring 
R with a fixed sequence of a finite or countable number of multiplicative generators Hi, i — 1,2... 
satisfying the comultiplication formula 

AH„= ^ H,^H,, Ho = l. 

i+j=n 

A universal Leibnitz-Hopf algebra A over the ring i? is a Leibnitz-Hopf algebra with the universal 
property: for any Leibnitz-Hopf algebra H. over the ring R there exists a unique Hopf algebra homo- 
morphism A ^ H. 

Consider the free associative Leibnitz-Hopf algebra over the integers Z = Z(Zi, Z2, . . . ) in countably 
many generators Zi. 
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Proposition 5. Z is a universal Leibnitz-Hopf algebra over the integers, and Z ® R is a universal 

Leibnitz- Hopf algebra over the ring R. 

Set dcg Zi ~ i. Let us denote by M the graded dual Hopf algebra over the integers. 

It is not difficult to see that M is precisely the algebra of quasi-symmetric functions over the integers. 
Indeed, for any composition co = {ji, . . . ,jk) we can define rn^^ by the dual basis formula 

where Z" = Z^^ ■ ■ ■ Z^ for a composition a = (ri, . . . , r;). Then the elements multiply exactly as 
the quasi-symmetric monomials M^j. 
Let us denote 

oo 

= 1 + Zit + Z2t'' + --- = Y^ Zkt^ 

fe=0 

Then the comultiplication formula is equivalent to 

A$(i) = (8) 

Let x: Z ^ Zhe the antipode, that is a linear operator, satisfying the property 
l*X = /iol0;;^oA = r7O£ = /Ltox0loA = x*l, 

where e : Z ^ Z, e{l) = 1, s{Z'^) = 0, a ^ 0, is a counit, rj : Z ^ Z, rj{a) = a • 1 is a unite map, and fi 
is a multiplication in Z. 

Then $(t)x($(t)) = 1 = x($(t))$(t) and {x(Z„)} satisfy the recurrent formulas 

x{Zi) = -Zv, x{Zn+i) + x{Zn)Zi + --- + x{Zi)Zn + Zn+i=Q,n^l. (2) 

In fact, since $(f) = 1 + Z\t + . . . , we can use the previous formula to obtain 

_j oo 

n 

x(^„)=^(-ir E da,...da^ ai^l, 

m—1 aiH \-am—n 

This formula defines x on generators, and therefore on the whole algebra. 

The homomorphism R : Z ^ V : Zk ^ dk, defines in the ring of polytopes the structure of a right 
module over the Leibnitz-Hops algebra Z. Let us mention, that the word Z" = Zj^ . . . Zj^ corresponds 

to the operator Di^* = dj^,dj^_-^ . . . dj-^ . 

Definition 13. A universal commutative Leibnitz-Hopf algebra C = Z[Ci, C2, . . . ] is a free commutative 
polynomial Leibnitz-Hopf algebra in generators Cj of degree i. We have C = Z/Jc, where the ideal Jc 
is generated by the relations ZiZj — ZjZi. 

It is a self-dual Hopf algebra and the graded dual Hopf algebra is naturally isomorphic to the algebra 
of symmetric functions Z[cri, (72, • • • ] = Sym[ti,t2, . . . ] C Qsym[ti, ^2, • • • ] generated by the symmetric 
monomials 

o-j = M^^i = ^ ti^---tu, 

h, li 

where Wj = (1, . . . , 1). 

V ' 

i 

The isomorphism C ~ C* is given by the correspondence Cj — > CTj. 
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4.2 Lie-Hopf Algebras 

Definition 14. A Lie-Hopf algebra over the ring R is an associative Hopf algebra £ with a fixed sequence 
of a finite or countable number of multiplicative generators Li, i = 1,2... satisfying the comultiplication 
formula 

Ai, = 1 ® + 1, Lo = 1- 

A universal Lie-Hopf algebra over the ring i? is a Lie-Hopf algebra A satisfying the universal property: 
for any Lie-Hopf algebra H over the ring R there exists a unique Hopf algebra homomorphism A ^ H. 

Consider the free associative Lie-Hopf algebra over the integers Z{Ui,U2, ■ ■ ■) in countably many 
variables Ui. 

Proposition 6. U is a universal Lie-Hopf algebra, and 14 ® R is a universal Lie-Hopf algebra over the 
ring R. 

Let us set degUi — i. Then the graded dual Hopf algebra is denoted by N. This is the so-called 
shuffle algebra. 

The antipode x in W has a very simple form xi^i) = —Ui. 

4.3 Lyndon Words 

A well-known theorem in the theory of free Lie algebras (see, for example, |Rep states that the algebra 
A/" €5 Q is a commutative free polynomial algebra in the so-called Lyndon words. 

Definition 15. Let us denote by [ai,...,a„] an element of N*, that is the word over N, consisting 
of symbols ai,...,a„, € N. Let us order the words from N* lexicographically, where any sym- 
bol is larger than nothing, that is [ai,...,a„] > \bi, . . . ,bm] if and only if there is an i such that 
Oi ~ 6i, . . . , ai-i — bi-i, Qi > bi,l ^ i ^ min{m, n}, or n > m and ai — bi, . . . , a„i = 6m- 

A proper tail of a word [oi, . . . , a„] is a word of the form [ai, . . . , a„] with 1 < i ^ n. (The empty 
word and one-symbol word have no proper tails.) 

A word is Lyndon if all its proper tails are larger than the word itself. For example, the words 
[1,1,2], [1,2,1,2,2], [1,3,1,5] are Lyndon and the words [1,1,1,1], [1,2,1,2], [2,1] are not Lyndon. The 
set of Lyndon words is denoted by LYN. 

The same definitions make sense for any totally ordered set, for example, for the set {1,2} or for the 
set of all odd positive integers. 

The role of Lyndon words is described by the following theorem: 

Theorem (Chen- Fox-Lyndon Factorization jCFLj ). Every word w in N* factors uniquely into a de- 
creasing concatenation product of Lyndon words 

W = Vi * V2 * ■ ■ ■ * Vk, Vi e LYN, Vi ^ V2 ^ ■ ■ ■ ^ Vk 

For example, [1,1,1,1] = [1] * [1] * [1] * [1], [1,2,1,2] = [1,2] * [1,2], [2,1] = [2] * [1]. 
The algebra M is additively generated by the words in N*. The word w — [ai, . . . , a„] corresponds 
to the function 

([fli, . . . ,a„], C/°") = Sio,a 

where cr is a composition a — (ri, . . . , n), = Un ■ . ■ Ur, , and for the word [ai, . . . , a„] 



So, 



1, cr = (ai, . . . ,a„); 
0, else 



The multiplication in the algebra Af is the so-called shuffle multiplication: 

[ai , . . . , a„] X sh [o-n+l , ■ ■ ■ , am+n] = [«ct(1) , ■ ■ ■ , 0.cr{n) , 0'<7(n+l) , ■ ■ ■ , 0-a{n+m)], 

a 

where a runs over all the substitutions a e Sm+n such that 

ct"^(1) < • • ■ < (J^^in) and a^^{n + 1) < ■ • • < a^^(n + m). 
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For example, 

[l]x,„[l] = [l,l] + [l,l]=2[l,l]; 
[l]x,^ [2, 3] = [1,2, 3] + [2, 1,3] + [2, 3,1]; 
[1, 2] x,^ [1, 2] = [1, 2, 1, 2] + [1, 1, 2, 2] + [1, 1, 2, 2] + [1, 1, 2, 2] + [1, 1, 2, 2] + [1, 2, 1, 2] = 2[1, 2, 1, 2] + 4[1, 1, 2, 2]. 

There is a well-known shuffle algebra structure theorem: 

Theorem. A/"® Q = Q[LYN], the free commutative algebra over Q in the symbols from LYN. 

The proof follows from the following theorem concerning shuffle products in connection with Chen- 
Fox-Lyndon factorization. 

Theorem. Let w be a word on the natural numbers and let w = vi * V2 * ■ ■ ■ * Vm be it 's Chen- 
Fox-Lyndon factorization. Then all words that occur with nonzero coefficient in the shuffle product 
■^1 X s/t X s/i • • • X sh Vm o.re lexicographically smaller or equal to w, and w ocurs with a nonzero coefficient 
in this product. 

Given this result it is easy to prove the shuffle algebra structure theorem in the case of arbitrary 
totally ordered subset M = {mi,m2,...} C N. Let us denote by Um the free associative Lie-Hopf 
algebra Z{Umi, t^m2J • ■ • )i l^t A/m be its graded dual algebra, and LYNm be the corresponding set of all 
Lyndon words. We need to prove that Mm CS) Q = Q[LYNm]- 

Let mi be the minimal number in M. The smallest word [mi] is Lyndon. 

Given a word w we can assume by induction that all the words lexicographically smaller than w 
have been written as polynomials in the elements of LYNm- Take the Chen- Fox-Lyndon factorization 
w = wi * W2 * • • • * Vm of w and consider, using the preceding theorem, 

vi XshV2 ■ ■ ■ Xsh Vm = aw + (reminder). 

By the theorem the coefficient a is nonzero and all the words in (reminder) are lexicographically smaller 
than w, hence they belong to Q[LYNm]- Therefore w E Q[LYNm]- This proves generation. Since 
each monomial in n-th graded component of A/'(8'Q has a unique Chen- Fox- Lyndon decomposition, the 
number of monomials in Q[LYN7v/] of graduation n is equal to the number of monomials in A/jvf ® Q, 
monomials in Lyndon words are linearly independent. This proves that Lyndon words are algebraically 
independent. 

Corollary 7. The graded dual algebras to the free associative Lie-Hopf algebras U12 — Z(C/i,[/2) and 
Uodd = '^{Ui, C/3, . . . ) are free polynomial algebras in Lyndon words LYN12 and LYNodd respectively. 

The correspondence 

1 + Zit + Zjt^ + •■•+ = exp(C/i< + U2t^ + •■■); 

defines an isomorphism of Hopf algebras Z (g) Q ~ W ® Q. 

However it is not true that A/" is a free polynomial commutative algebra over the integers. 

5 Topological realization of Hopf algebras 

In |BR) A. Baker and B. Richter showed that the ring of quasi-symmetric functions has a very nice 
topological interpretation. 

We will consider CM^-complexes X and their homology H*(X) and cohomology H*{X) with integer 
coefficients. 

Let us assume that homology groups H.^ {X) have no torsion. 

The diagonal map X ^ X ><. X defines in H*(X) the structure of a graded coalgebra with the 
comultiplication A: H*(X) H*(X) ® H*(X) and the dual structure of a graded algebra in H*(X) 
with the multiplication A* : H*(X) ® H*(X) ^ H*(X). 

In the case when X is an _ff-space with the multiplication ^: X x X ^ X we obtain the Pontryagin 
product fjL^, : H*(X) ® H*(X) — >■ H«(X) in the coalgebra H*(X) and the corresponding structure of a 
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graded Hopf algebra on H*(X). The cohomology ring H*(X) obtains the structure of a graded dual 
Hopf algebra with the diagonal mapping jjL* : H*(X) R*{X) €3 H*(X). 

For any space Y the loop space X = flY is an iJ-space. A continuous mapping / : Yi — > I2 induces a 
mapping of 7J-spaces ilf: Xi — )• X2, where Xi = flYi. Thus for any space Y such that X — ilY has no 
torsion in integral homology we obtain the Hopf algebra H^,(X). This correspondence is functorial, that 
is any continuous mapping /: induces a Hopf algebra homomorphism : R^{Xi) H*(X2) 

By the Bott-Samelson theorem |BS) , H* (fffiX) is the free associative algebra T(H* i^)) generated by 
Il^,{X). This construction is functorial, that is a continuous mapping / : Xi X2 induces a ring homo- 
morphism of the corresponding tensor algebras arising from the mapping : H^ {Xi ) — H* {X2 ) . Denote 
elements of H*(f2I]X) by (ai| . . . |a„), where G H*(X). Since the diagonal mapping EX — > EX x EX 
gives the i/-map A: ftJ^X — s> fiEX x ilEX, it follows from the Eilenberg-Zilber theorem that 

A*(ai| . . . |a„) = (A*ai| . . . |A*a„) 

where (ai (g) &i|a2 ^2) = (ai|a2) ® (^i|^2)- 

There is a nice combinatorial model for any topological space of the form ilYiX with X connected, 
namely the James construction JX on X. After one suspension this gives rise to a splitting 

El^EX - EJX - Y EX("\ 

where X^") denotes the n-fold smash power of X. 
Example. There exists a homotopy equivalence 

El^ES-^ ^ Y E(S'2)(") e( Y 5*2"^ 

Therefore there exists an iJ-map is a homotopy equivalence. 

Using these classical topological results let us describe topological realizations of the Hopf algebras 
we study in this work. 

We have the following Hopf algebras: 

I. 1. H*(CP°°) is a divided power algebra Z[vi,V2, ■ ■ ■]/!, where the ideal / is generated by the 
relations u„Um — with the comultiplication 

n 

Aw„ ^Wfc (8)w„_fc; (3) 

fc=0 

2. H*(CP°°) = Z[u] - a polynomial ring with the comultiplication 

Aii = l®M + Mig)l; 

II. 1. H,(f2ECP°°) ~ T(H*(CF°°)) = Z{vi,V2,...) with being non-commuting variables of 
degree 2i. Thus there is an isomorphism of Hopf algebras 

H*(17ECP°°) ~ Z 

under which Vn corresponds to Z„. 

The coproduct A on iJ*(f2ECP°°) induced by the diagonal in i7ECP°° is compatible with 
the one in Z: 

Au„ = ^ Vi® Vj 

i+j—n 

So if we set AegZi — 2i, then there is an isomorphism of graded Hopf algebras. This gives 
a geometric interpretation for the antipode x in : in H*(r2ECP°°) it arises from the 
time-inversion of loops. 
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2. H*(^2ECP°°) is the graded dual Hopf algebra to R^{nECP°°). 

Theorem. [BR] Let us double the graduation, that is let us set degZ^ — 2i, degtj ~ 2j. Then 
there is an isomorphism of graded Hopf algebras: 

R,{nj:CP°°) 2± Z = Z{Zi,Z2,...), H*(1]ECP°°) = qsym[ti,t2,...]. 

III. H*(i?[/) ~ }i*{BU) ~ Z[cti, (72, . . . ] ~ C It is a self-dual Hopf algebra of symmetric functions. In 
the cohomology at are represented by Chern classes. 

IV. 1. H*(57S5^) — ll^,{ftS^) — Z[u] - a polynomial ring with degw = 2 and the comultiplication 

Aw = l®u + u(g)l; 

2. H*(r2ES'2) = Z[vn]/I is a divided power algebra. Thus ll*{nT,S^) ~ H,(CP°°). 
V. H* (ilI](ilS]S'^)) ~ Z{wi, W2, . . . ). It is a free associative Hopf algebra with the comultiplication 

Aw„ = '^[^)wk<^ Wn-k (4) 



fc=0 



VI. H* (OEl Y 5^" ) ) ~ Z(^i, ^2, ■ • ■}• It is a free associative algebra and has the structure of a 
graded Hopf algebra with the comultiplication 

ACn = 1 ® + C« 8) 1. (5) 

Therefore, H, mE V -S"^" 

gives a topological realization of the universal Lie-Hopf algebra lA. 

The homotopy equivalence 

induces an isomorphism of graded Hopf algebras 

a*: Z(^i,f2,---) — >'L{wi,W2,. ■ 
and its algebraic form is determined by the conditions: 

Aa*^„ = (a* (8)a*)(A^„). 
For example, a*^i = wi, a*^2 = W2 — 0*^3 = ^3 — 3w2|wi + 2wi|wi|wi. 

Thus using topological results we have obtained that two Hopf algebra structures on the free asso- 
ciative algebra with the comultiplications ^ and (0 are isomorphic over Z. 

This result is interesting from the topological point of view, since the elements (w„ — a*^„) for n ^ 2 
are obstructions to the desuspension of the homotopy equivalence 



We have the commutative diagram: 
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dct 



f]E52 ^ CP°° ^ BU ^ CP°° 

Here 
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• i is the inclusion CP°° = BU{1) C BU, 

• j arises from the universal property of i7ECP°° as a free i?-space; 

• the mapping CP°° -> nj:CP°° is induced by the identity map i;CP°° ECP°°, 

• the mapping k: WSS^ — s> CP°° corresponds to the generator of H^(riS5^) = Z. 

• det is the mapping of the classifying spaces BU BU{1) induced by the mappings 
det : U{n) -> [/(I), n = 1,2,.... 

As we have mentioned, H*(i?f/) as a Hopf algebra is isomorphic to the algebra of symmetric functions 
(in the generators - Chern classes) and is self-dual. 

H*(Bt/) ^H,(Bt/) ~Sym[ti,t2,...] =Z[ai,a2,...]. 

Since CP°° gives rise to the algebra generators in H*(_B[/), j^, is an epimorphism on homology, and j* 
is a monomorphism on cohomology. 

• corresponds to the factorization of the non-commutative polynomial algebra Z by the commu- 
tation relations ZiZj — ZjZi and sends to (7^. 

• j* corresponds to the inclusion Sym[ii, . . . ] C Qsym[<:i, ^2, • ■ • ] and sends Ci to M^^., where 

= (1,1,. ■.,1)- 

V 

i 

• fc* sends u to V\ and defines an embedding of the polynomial ring Z[m] into the divided power 
algebra Z [?;„]//. 

• the composition det* oj'* maps the algebra Z to the divided power algebra iJ*(CP°°). This 
corresponds to the mapping Zi — > dfclp of Z to V{Vs)- 

6 Flag /-vectors 

Definition 16. Let P" be an n-dimensional polytope and S = {ai, . . . , Ofc} C {0, 1, . . . , n — 1}. 

A flag number fs = fax, ...,ak is the number of increasing sequences of faces 

pai ^pa^ ^pa^^ dimP'^'^fl,. 

It is easy to see that for S — {i} the number /{.jj — fi is just the number of i-dimensional faces. We 
have already defined this number above. 

The collection {fs} of all the fiag numbers is called a flag f -vector (or extended f -vector) of the 
polytope P". By the definition /0 = 1. 

Flag /-vectors have been extensively studied by M. Bayer and L. Billera in [BBj . where the generalized 
Dehn-Sommerville relations are proved: 

Theorem. Let P" be an n-dimensional polytope, and S C {0, . . . , n — 1}. // {i, fc} C S U { — 1, n} such 
that i < k ~ 1 and S Cl {i + 1, . . . , k — 1} = , then 

k-l 

E i-^y-'-'fsu{j} = (1 - {~ir-'-')fs- 
j=i-\-i 

Definition 17. For n ^ 1 let vj/" be the set of subsets S C {0, 1, . . . , n — 2} such that S contains no 
two consecutive integers. 

It easy to show by induction that the cardinality of ^P" is equal to the n-th Fibonacci number c„ 

(Cn = Cn-l + C„_2, Cq = 1, Cl = 1). 

For any polytope P there exists a cone (or a pyramid) CP and a suspension (or a bipyramid) BP. 
These two operations are defined on combinatorial polytopes and can be extended to linear operators 
on the ring V. It is natural to set B0 = 1 = C0. 
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The face lattice of the polytope CP" is: 

{0}; {FlC0}- {Fr\CF^-^}, {F", CJ^"-!}; {CP"}, 

where Pf are fc-dimensional faces of P", and 

pat ^ pa2 (jp ^ pat ^ pa^ p^ 

pai ^ CF""^ <^ P"^ C P"^, 
(J pa, ^ (^^a2 ^ ^ai ^ _pa2 ^ 

The polytope PP" has the face lattice: 

{0}, {Co0, Ci0, p°}, CoP°, CiP°}, . . . , {F^-\ Cof:^-\c,f^-^}, {Coi^"-\ Cip;-1}, {pp"}. 

where Cq and Ci are the lower and the upper cones, and 

pai ^ pa2 pp ^ pat ^ pa^ p^ 

F"^ C CsF"-^ ^P"i C F"^-] 
CsF"^ C CtP''^ 4^ s = i and F"-^ C P""; 

Definition 18. For n ^ 1 let il" be the set of n-dimensional polytopes that arises when we apply words 
in B and C that end in C^ and contain no adjacent P's to the empty set 0. 

Each word of length n + 1 from the set fl" either has the form CQ, Q G r2"~^, or BCQ, Q G 17"^^, so 
cardinality of the set Q." satisfies the Fibonacci relation \n"\ = |rj"-i| + |n"-2|. Since = |{C2}| = 1, 
and lO^I = |{C3,PC2}| = 2, we see that \n"\ = c„ = |*"|. 

M. Bayer and L. Billera proved the following fact: 

Theorem. Let n ^ 1. Then 

1. For all T C {0,1,..., n — 1} there is a nontrivial linear relation expressing /t(P) in terms of 
fs{P), S G which holds for all n- dimensional polytopes (see IBB\ Proposition 2.2]). 

2. The extended f -vectors of the c„ elements of fl" are affinely independent \BB[ Proposition 2.3]. 
Thus the flag f -vectors 

{/5(P")}5g^ii : P" - an n-dimensional polytope 

span an (c„ — 1)- dimensional affine hyperplane defined by the equation /0 = 1 (see \BB[ Theorem 
2.6]) 

In fact, a little bit more stronger fact which can be easily extracted from the original Baycr-Billera's 
proof is true. 

Let us identify the words in il" with the sets in ^P" in such a way that the word 
(jn+i-a,p(ja,-a^_t-ip _ ^ _ BC^-^ corrcsponds to the set {ai -3, . . . , Ofe -3}. Let us set C < P and or- 
der the words lexicographically. Consider a matrix if" of sizes c„ x c„, kq^ s = fs{Q), Q G ^" , S G 

Proposition 8. 

det(P:") = 1. 

Proof For n = 1 the matrix = (/0(/)) = (!)• 
For n — 2 

Let us prove the statement by induction. Consider the matrix P'": 

\K21 K22) 
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where the block Ku corresponds to the words of the form CQ, Q G fi""'^ and the sets S, that do not 
contain n — 2. Similarly, the block K22 corresponds to the words of the form BCQ, Q G and the 

sets containing n — 2. 

Each increasing sequence of faces of the polytope CP"'~^ without two faces of adjacent dimensions 
has the form 

C • • • C F'* C CF'*+i C • ■ • C CF'-" , 

so for {oi, . . . ,afc} e 

/ai, ...,ak{CP^ ^) = /ai-l,a2-l, . . ., Ofc- 1 (-P") H h/ai , a; , a^+i - 1, a^-l (-P")H h/ai , aj, (-P") ■ (6) 

where f-l,a2,...,ak = fa2,...,ak- 

The sets of the form {ai, ■ ■ ■ ,ai, ai+i — 1, . . . , afe — 1} may not belong to But we can express 

them in terms of the sets from using the generalized Dehn-Sommerville relations. Let afe < n — 2. 

Each relation has the form: 

(k-2 
(i - (-1)''"'"^) fst,i,k,s2 - X] {~'^y~^~^ Ssi,i,j,k,s2 
j=i+l 

where all the sets on the right side are lower than the set on the left side. Thus for afe < n — 2 

/ai ...,afc(CP") = .fau..;a,.{P") + lower summands, 

so the matrix Ku can be represented as K"~^T, where T is an upper unitriangular matrix. In particular, 
det/Cii = detif"-^ • detT = 1 by induction. 

Lemma 1. Let P be an (n — 2) -dimensional polytope, and S G 'J'". Then for the polytopes BCP and 
CBP 

' fs{CBP), if n -2 is, 

fsiCBP) + fs\{n-2}iP), ifn-2€S, 



fs{BCP) 



Proof. For the polytope BCP each increasing sequence of faces has one of the forms 

_p'i C • • • C i^'' C CF''+i C • • • C CF'^ C CsCF^'+'' C • • • C CsCF^" or 
F'l c • • • C F'' C CsF''+i c ■ • • C CsF^' c CsCF^'+^ c • • • C CsCF^- or 
F'l C • • • C F'^ C CsCF'^+1 C • • • C CsCF^\ when i = j, 

where ,s = or 1. 

Similarly, for the polytope CBP each increasing sequence of faces has one of the forms 

F'l C • • • C F'' C CF''+i C • • • C CF'^ C CCsF'^+i C • • • C CCsF^- or 
F'l C • • • C F'' C CsF''+i C ■ • • C CsF^^ C CC,F''+i C • • • C CCsF^'' or 
F'l C • • • C F'^ C CCsF'^+1 C • • • C CCsF^\ when i = j, 

where s = or 1, except for the additional condition F''' ^ P, that is ^ n — 2. 

Thus for If. ^ n — 2, we can exchange CCg and C^C to obtain a one-to-one correspondence between 
the increasing sequences. So fs{BCP) = fs{CBP), if n — 2 ^ S. 

li Ik = n — 2, then we can exchange CCg and CgC as before except for the case when the sequence 
of faces in the polytope BCP has the form 

F"^ C • • ■ C F"''-^ C P 

The sequences of this type give exactly /ai,...,„,_,(P"-i), so fs{BCP) = fs{CBP) + fs\{n-2}{P), if 
n-2eS. □ 
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Let us consider the polytope BCQ corresponding to one of the lower rows of K^. If Q starts with 
C, then there is a row CBQ in the upper part of the matrix. Let us subtract the row CBQ from the 
row BCQ. Then lemma [T] impUes that the resulting row is 

If Q starts with _B, then there is no row CBQ in the matrix. But since deti^"^^ ~ 1 and all flag 
/-numbers of [n — l)-dimensional polytopes can be expressed in terms of {/g, 5 G ^f"^^}, flag /-vector 
of any (n — l)-dimensional polytope is an integer combination of flag /-vectors of the polytopes from 
So flag /-vector of the polytope BQ can be expressed as an integer combination of flag /-vectors 
of the polytopes Q' G 

f{BQ)=y^nQ,f{Q') 



Q' 



Using the formula ([6]) we obtain: 

fir<un\ — ^ 



fiCBQ)^y^nQ,fiCQ') 



If we subtract the corresponding integer combination of the rows of the upper part of the matrix from 
the row BCQ, we obtain the row 

Thus we see, that using elementary transformations of rows the matrix K"^^ can be transformed to 
the matrix 

K"-^ 



By the inductive assumption det K"^ ^ = dot ^ = 1, so det if" = 1. □ 

Remark. In the proof we follow the original Bayer-Billera's idea, except for the fact that they use the 
additional matrix of face numbers of the polytopes Q e 4*", and our proof is direct. 

Corollary 9. Flag f -vector of any n- dimensional polytope P" is an integer combination of flag f -vectors 
of the polytopes Q G fi" . 

Proof. Indeed, any flag /-number is a linear combination oi fs, 5 G 'J". Since det if" = 1, the vector 
{/s(P), S G is an integer combination of the vectors {fsiQ), S G *"}, Q G Q". 

This implies that the whole vector {fs{P)} is an integer combination of the vectors {fs{Q)}, Q G fi" 
with the same coefficients. □ 

This fact is important, when we try to describe an image of the generalized /-polynomial (see below) 
in the ring Qsym[ti , ^2 , • • • ] [a] • 

Generalized /-vectors are also connected with a very interesting construction of the cd-index invented 
by J. Fine (see [BKi Prop. 2], see also the papers by R. Stanley |St3| and M. Bayer, A. Klapper BK ). 

7 Operators B and C 

As it was mentioned below, the operations C and B can be extended to the linear operators on the ring 
of polytopes. 

Then for any n-dimensional polytope P" we have: 

dkCP" = CdkP" + dk^iP'\ 1 A: ^ 71, d„+iCP" = 1 + dnP"" = C0 + dnP""- 
rfPP" = 2CP", n ^ 1; dBl = dI = 2 = 2C0, 
dkBP"^ = 2C4P" + dk-iP'\ 2 A: ^ 71, d„+iSP" ^2 + d^P'' ^ 2C0 + dnP"". 

Thus if we add to the ring V the new element of the graduation —1 such that — dl, d0 — 0, then 
the operators B and C satisfy the relations: 

dC-Cd=[d,C] = l; [4,C] -4-1, fc^2; 
[d,B]^{2C-B)d; [dk,B]^{2C-B)dk+dk-i; k ^ 2. 
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Otherwise the relations in the ring V have the form: 

1 r)^ 



[d,C] = 1 + ^0; [dk+i,C]=dk + ^ 



[d, B] = {2C - B)d + 2^0; [dk+uB] = (2C - B)dk + 4-i + | ^ 



a=0 



a=0 

It is convenient to write these relations in terms of the operator ^{t). Let us denote A = 2C — B. Then 

= + ($(*)-!) + 2i6; 
= A + t + t<^{t); 

<S>{t)[B,C] = [B,C]+tA + t''; 

Proposition 10. For any m ^ the formulas: 

{Ag){a,ti,. . .,tm+i) = {a + tm+i)9ia,0, ...,0) + {tm + tm+i)g{c(,tm+i,0, . . . ,0, ) H h 

+{ti-i + ti)g{a,ti,ti+i,. . .,tm+i,0, . . . ,0, ) H h ti{vm,+ig){a,ti, . . . ,tm+i); 

{C'g){a, ii, . . . , tm+l) = {a + ti-\ h tm+l){Vm+ig){a, h,..., tm+l) + tm,+ig{tm+l,ti, ■ • ■ , tm) + 

+tmg{tm, ti,..., tm-1, 0) H h tig{ti, ti, . . . , U-i, 0, . . . , 0) H h tig{ti, 0, . . . , 0) 

define the linear mappings A, C : Qsym[fi, . . . , tTO][Q;] Qsym[fi, . . . , tj„+i][a] such that 

fm+l{APn = {Afm){Pn, and fm+l{CP") = {Cfm){Pn 

for any P" e and n. 
Proof. 

^tm+lMtm) . . . $(il)AP = ^{tm+l)Htm) • • ■ $(i2) {A + ti^ti) + ti) P = 

= ^tm+lMtm) . . . ^(ia) {A + t2 + {t2 + ti)^{t2) + il$(t2)$(tl)) P = 
= {A + tm+l + {tm+l + tmMtm+l) + {tm + tm-l)^ (tm+l)^ (tm) + ■■■ + il$(Wl) • • • ^(^l)) P 

This gives the formula for fm+iiAP"), and for m ^ n 

^a^tm+l) . . . $(tl)P" = fm+l{a,tl, • • . , = {Vm+lfm){a,tl, • • . , WOl^'") 

Similarly we have: 

^tm+lMtm) . . . $(tl)CP = $(Wl) • • • *(*2) {{C + tiMti) + P = 

= $(Wl)*(im) • • • ^h) {{C + t2+ tiMt2Mt2) + t2CtMtl) + tlCt, ) P = 

((C + tm+l + ■■■+ tl)$(Wl) • • • + WieWi*(*™) ■ • ■ + • • • + *l?ti) P = 

= {C + tm+l + ■■■ + ti)^{tm+l) ■ ■ ■ Hti)P + tm+lfm{tm+l,ti, tm){P) + 

+ tmfm{tm,tl, . . .,tm-l,0){P) +■■■+ tlf{tl,0, . . . , 0)(P) 

Let us prove that for a polynomial g e Qsym[fi, . . . ,irn][a] the polynomials Ag and Cg belong to 
Qsym[ti, . . . ,tm+i][a]. 

{Ag){a,ti, . . .,ti-i,0,ti+i, . . .,tm+i) = {a+tm+i)g{a,0, . . . ,0)H \-{ti+i+0)g{a,ti+i, . . . ,tm+i,0, ■ ■ ■ 

+ (0 + ti_i)g{a, 0,ti+i, . . . , tm+l, 0, ■ • . ,0) H h tig{a,ti, . . . ,ti-i,ti+i,tm) = 

= {a+tm+i)g{a, 0, . . . , 0)H \-{ti+i+ti-i)g{a, ti+i, im+i, 0, . . . , 0)H \-tm+ig{a, ti, . . . , t^-i, ^i+i, . 

= {Ag){a,ti,. . .,ti-i,ti+i, . . .,^^+1,0) 

The same situation we have for C: 

{Cg){a,ti, . . . ,ii_i,0,ti+i, . . . ,tm+i) = (a-\ hti-i+ii+iH \-tm.+i)g{tm.+i 

H h ti+ig{ti+i,ti, ti-i,0, . . . , 0) + 0^(0, ti, . . . , ii-i, 0, . . . , 0) + ti_i.g(ii_i, ti, . . . , ti_2, 0, . . . , 0)+ 

H h tig{ti,0, . . . , 0) = (Cg)(a, ti, . . . , ti-i,ti+i, tm+i, 0) 

□ 
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The operator B can be defined as B = 2C - A. Then /™+i(SP") = {Bf„,){P'') for m ^ n. 
For the same reasons the operators A, B, C are defined on Qsyni[ii, ^2, ■ • ■ ][«]: 

oo 

{Ag){a,tiM-,---) = ag{a,i),...,)+tig{aMM,---) + ^{ti-i + ti)g{a,ti,ti+i, . . .); 

oo 

{Cg){a, ti,t2,...) = {a + a-i)g{a, ti, ^2, • • • ) + X] *i9{U, h,..., ti-i, 0, . . . , 0); 

i=l 

B = 2C-A, 

and {Af){P) = /(^P), (S/)(P) = f{BP), {Cf){P) = f{CP). 
It is easy to see that 

C (a™M(ai,...,Ofc)) = (a + 0-l)M(aj_..._<jfc) + Af(ai, ...,afc,rn+l)• 
8 Structure of V 

Proposition 11. 

= 1, 

f/iaf is for any n > 1 

d„ - did„_i + • • • + (-l)"-id„_idi + = (8) 

To prove this fact we need the notion of a face figure. 
Definition 19. Let F be an i-face of the n-dimensional polytope P. A face figure P/F is defined as 

The face figure P/F is an (n — z — 1) -dimensional polytope. {j — i — l)-dimensional faces of P/F 
are in one-to-one correspondence with j'-faces G of P such that F c G C P. Let us denote by G/F the 
face of P/ F corresponding to the face G of P. 

Proof. 

oo / k \ 

k=0 \i=0 ) 

Let P" be an n-dimensional polytope. If A; > n then the coefficient of in the series t)$(t)P" is 
equal to 0. If A; = 0, then it is equal to P". Let 1 ^ fc ^ n. Then 

(ddfc-i - <i24-2 + • • • + = 

= E f E 1- E i + - + E = 

= (/o(f"/i^""'')-/l(^"/i^""'') + --- + (-l)''"Vfe-2(f"/-F""^))i^""'' 

_F"-'=CP" 

Since p^/F"-~'' is a (A; — l)-dimensional polytope, the Euler formula gives the relation 

/o(P"/P"-'=) - ^(P^/P"-'^) + ■ • ■ + (-l)'=-Vfc-2(P"/F"-'=) = (1 + (-1)'=). 

Thus we obtain 

k 

{ddk-1 - d2dk-2 + ■■■ + {-If-^dk-id) P" = (1 + ^ = 

i=0 

□ 
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Theorem 1. The homomorphism R: Z ^T) induces an isomorphism of Hop f algebras: 

V - Z/Jv, 

where Jx> is a two-sided Hopf ideal in the Hopf algebra Z, generated by the relations corresponding to 
the equality <i>(-t)$(t) = 1. 

Proof. Let us prove the following lemma: 

Lemma 2. Let D V be an operator of graduation k. Then for each space "pI"!, n ^ k there is a 
unique representation 

D ^ u{d2,dz, ...,dk) + dv{d2,d3, . . .,dk-i), (9) 
and there is a unique representation 

D = u'{d2,d3,...,dk) + v'{d2,...,dk-i)d, (10) 

where u,u',v,v' are polynomials. 

Proof. For fc = and 1 it is evident. 

Since 2c?2 — d^, this is true for k — 2. Let fc ^ 3. 
Using the relations ([5]) we obtain 

dd, = i-iyd,d + (d2d^-i - d3d,^2 + ■■■ + (-1)^-^,-1^2) + (1 + (-l)'+^)d,+i 

So the expressions Q and pO)) exist. 

Let u{d2,d3, ... ,dk) + dv{d2, ... ,dk-i) =^ 0, where u = J2 a^jD^, and v= J2 b^D^. 

\u)\=k \u)\=k-l 

Then for any n-dimensional polytope P", n ^ k we have 

Ci(u + dv)P" = 0. 
Since u + dv has degree fc, this equality can be written as 

^ ^ ^Lj fn—k, n—k+ji , n—k-\-ji+j2 , n—ji ) ^" ^ ^ /n— /c, n— /c+1, n— fc+l+il , ^i— ji )■ 

\uj\ = k \uj\=k-l 

Using the generalized Dehn-Sommerville equations we obtain 

{—^yf],n-k+l,n-k+l+ju---,n-j, + 
J=0 J 

+ (1 + (^1)" '')fn-k+l,n-k+l+ji,...,n-ji 

All the sets {j, n — fc + 1 , n — fc + ji , . . . , n — j; } and {n — fc + l,n — fc + l+ji,...,n — j;} on the right 
are different for different uj and belong to 5*". 

Since the vectors {/s(Q), S £ ^'"}, Q G fi" are linearly independent, we obtain that all and b^ 
are equal to 0, so the representation ([9]) is unique. 

We obtain that the monomials D,^ — dj-^ . . . dj^ , \uj\ — fc, ji ^ 2 and dDi^ = ddj-^ . . . dj^ |a;| = fc— 1, ji ^ 2 
form a basis of the abelian group I?''('P^"1). 

But each monomial dDi^, = fc, ji ^ 2 can be expressed as an integer combination of the 
monomials Di^i and D^^id. So the monomials and D^d also form a basis. This proves the second 
part of the lemma. □ 

Now let us prove the theorem. The mapping i? : Z — > 2? is an epimorphism of Hopf algebras. Let 
z £ Z such that deg z — k and Rz = 0. 

z = «-^". 

\u:\=k 
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We know that 

fc-2 fc 
i=2 j=0 

So 

\Lj\ = k, ji^2 \uj\=k-l, ji^2 

where z' ^ Jx>- Since Rz = = 0, we obtain 

\u}\ = k, ji'^2 \u)\=k-l, ji'^2 

Lemma [5] imphes that all the coefficients and are equal to 0, so z = z' G J-p. This proves that 
V ~ Z/ Jx,. □ 

It is evident that -Dtd|p[„j = for j^l > n. The following corollary says that the other relations 
between operators in T) on the abelian group "Pt"' are the same as on the whole ring V. 

Corollary 12. We have 

where the ideal Jn is generated by all the operators D^, \uj\ > n. 

Proof. As in the proof of Theorem [1] using Lemma[2]it is easy to show that ©(P^"!) ~ Z / J-pf^-pir,]^, where 
the ideal J-pcpM) generated by the the relations <) = 1 and = Q for |a;| > n. □ 

Corollary 13. The operators d2^d3,di, .. . are algebraically independent. 

Corollary 14. Rank of the n-th graded component of the ring V is equal to the {n — l)-th Fibonacci 
number c„_i. 

Proof. At first, let us calculate rank r„ of the n-th graded component of the ring Z(d2, c?3, 1^47 • ■ • )■ 

To = 1, ri = 0, r2 = 1, r-3 = 1, r^ ^ 2, ra = 3, . . . 
It is easy to see that there is a recursive relation 

Tn+l = Tn-l + r„-2 H h ^2 + 1, n ^ 3 

Then r„+i = r„_i -|-r„. Since r2 = ^3 = 1 we obtain r„ — c„_2, n ^ 2. At last, rank of the n-th graded 
component of the ring V is equal to r„_i -I- r„ = c„_3 -I- c„_2 = c„_i for n ^ 3. It is easy to see that 
for n = 1 and 2 it is also true. □ 

We claim that the antipode in 2? is x : dk — > (— l)'"dfe- Indeed, the relations $(— = 1 exactly 
mean that x is an antipode. Therefore we obtain the corollary; 

Corollary 15. The Hopf algebra V is a universal Hopf algebra in the category of Leibnitz- Hop f algebras 
with an antipode satisfying the formula xiHi) = { — !)'' Hi. 

Proof. In fact, let us consider the equation ([2]) with xi^i) = (— 1)*^^: 

(-l)"+iZ„+i + (-l)"Z„Zi + ■ • ■ + (-l)ZiZ„ + = 0. 

The collection of these equalities is equivalent to the equation 

^{-t)m = 1; 

□ 



Let us remind that on the ring of simple polytopes dk\.p 
to the divided power ring dkdi — C^^'')dk+i. 



, so the ring T>{'Ps) is isomorphic 
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Proposition 16. 

P®Q = Q(di,d3,d5,...), 

The inclusion P C 2?®Q is an embedding, and the operators c?2fc are expressed in terms of the operators 
di , c?3, . . . , d2k-i by the formulas 

d2k = Y.i-^y''%S^[ E d2,,-i...d2,.-i|. (11) 

\jl+j2-\ ^j2i=i + k 



Proof. Let us denote 



Then 



a{t) = d2kt^\ hit) = d2k+it"'+\ 



k>0 k>0 



a{t)b{t) = = = b(t)a{t). 

Then the relation ^{—t)^{t) = 1 is equivalent to the relations 

a{tf -b{tf ^ 1; 
a{t)b{t) = b{t)a{t). 



Therefore a{t) ~ -^/l + b{tY and the formula ([Tl]) is true. Consequently all the operators d2k are 
expressed as polynomials in dijda, . . . with rational coefficients. For example, 

d^ , dds + d^d 

'^^ = y' — 2 ¥■ 

This means that the algebra 2? ® Q is generated by di, da, ds, . . . . On the other hand, let us calculate 
the number of the monomials d2j^-i ■ ■ . d2j^-i with {2ji — 1) + • ■ • + {2jk — 1) = n. Denote this number 
by /„. Then 

/q = 1, li — 1, I2 = I3 — 2^ ^4 = 3, . . . , 

and there is a recursive formula In+i — In + ln-2 + In-i + ■ ■ ■ for n ^ 2. Hence In+i = In + In-i for 
n ^ 2, and In = c„_i for n ^ 1. 

We see that the number of monomials of degree n is equal to dimension of the n-th graded component 
according to Corollary[T31 This imphes that they are hnearly independent over the rationals. Therefore 
di, da, ds, . . . are algebraically independent. □ 

Definition 20. Let us define operators Sfc by the formula 

S{t) = Sit + S2t^ + sst^ + ■■■= log$(i). 
Then si = di, S2 ~ 0, ~ d^ ~ ^ , and so on. 

The relation = 1 turns into the relation s{-t) + s{t) = 0. Thus S2k = for all k. 

Also we have As{t) = 1 s(t) + s(i) 1, so each operator S2fe-i is a derivation. 

Proposition 17. There is an isomorphism of Hopf algebras 

P®Q = Q(S1,S3,S5,...), 

where Q{si, S3, S5, . . . ) is a free Lie-Hopf algebra in the generators of odd degree, the comultiplication 
As2fe-i = 1 ® S2/C-1 + S2A;-i ® 1, and the antipode x{s2k-i) = -S2k-i 
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9 Generalized /-polynomial 

The mapping $ : P — s> 7'[t] is a ring homomorphisni. If we set <I'(<2)ii = ti, then the operator $(^2) 
defines a ring honiomorphism V — ?> 'P[ti,t2]: P — <i>(t2)<&(ti)P, 

Thus for each n ^ we can define the ring honiomorphism $„ : V — >■ 7^[[ti, . . . , in]] as a composition: 

$„(tl,...,t„)-P = *(^n)...*(il)-P. 

Definition 21. Let us define the mapping ip : V ^ T>* [a]: 

where V* is a graded dual Hopf algebra, and P ^ V, D E V. 

It is easy to see that (/? is a ring homomorphism. This follows from the equality 

D^{PxQ)^fiAD^{P(g,Q), 

which holds for all compositions lo and all polytopes P, Q. Here n is the multiplication in the ring of 
polytopes. 

Definition 22. Let P" be an 71-dimensional polytope. Let us define a quasi-symmetric function 

min{m,n} 

/„(a,ii,...,t,„)(P")=Cc.1>(tm)...1>(tl)P"=«"+ E /ai,...,a,«°^M(„_,,,...,,,_„ 

k=l 0^ai<---<afc^n-l 

For n = 1 we obtain fi{a, ii)(P") = «"+ ^ /iCk^t""' is a homogeneous /-polynomial in two variables 

1=1 

f [Buch] ) . So the polynomial /„ is a generalization of the /-polynomial. 
Consider the increasing sequence of rings 

Z[a] C Z[a,ti] C 'E[a,ti,t2] C ... 

with the restriction maps Um '. Z[a, ti, . . . , tm+i] — > Z[a, ti, . . . , i^] 

(um5r)(a,ii, . . . ,t„i) = g{a,ti, . . . ,1^,0). 

Since /m+i(Q!, ti, . . . , tm, 0)(P") = fm{a, ii, . . . , im)(P"), we obtain the ring homomorphism 

f -.V ^ Qsyni[ti,i2, ■ ••]["] C l^Z[Q;,ii, . . . ,im] : 

m 

n 

/(a,tl,t2,...)(^")=a"+E E /ai,...,a.a'^W(„-a„...,a,-a,)- 

k=l 0^ai<-<afc^n-l 

It follows from the formula, that the restriction 

/(a, ti, . . . ,tjn,tm+i, . . . ) ^ fia,h, • ■ • ,im, 0, 0, . . . ) = f,n{a,ti, . . . ,tm) 
is injective on the space of all n-dimensional polytopes, n ^ m. 

Theorem 2. The image of the space V" generated by all n- dimensional polytopes in the ring 
Qsym[ti, . . . , t„j][a], m ^ n under the mapping f^^ consists of all the homogeneous polynomials of 
degree n satisfying the equations 

1. 

f{a,ti, -ti,i3, • • • ,im) = /(a,0, 0,i3, . . . ,t,„); 

/(a, tl, t2, —t2, t4, . . . , tm) = f{0L, ii, 0, 0, i4 . . . , tm); 
f{a, tl, . . . , tm-2, tm-1, —tm-l) — f{ct, ti, . . . , t„i_2, 0, 0); 



22 



2. 

f{-a,ti, . . . a) = f{a,ti,. . . ,i,„_i,0); 

These equations are equivalent to the Bayer-Billera (generalized Dehn-Sommerville) relations. 
Proof. <^>{-t)^{t) = 1 = <I>(0)'I>(0), therefore 

. . . <i>{t3M-tiMti)P^ = . . . $(t3)*(0)$(0)P"; 

. . . $(t4)$(-t2)$(i2)$(il)P" = . . . $(t4)*(0)$(0) $(t 1 )P" ; 

a$(-i™_l)$(t™_l)$(t„_2) . . . $(ti)P" = ea*(0)*(0)$(t™-2) . . . 

On the other hand, Proposition [3] gives the last relation 

e-a$(a)$(t™-l) . . . $(tl)P" = CcHOMtm-l) . . . $(tl)P". 

Now let us proof the opposite inclusion, that is if the homogeneous polynomial g of degree n satisfies 
the conditions of the theorem, then g = fm{p") for some p" G V". 

Lemma 3. Let P" be an n-dimensional polytope. Then the equation 

fm • ■ • tq, . . . , ^TTi) — fm (q^,^1,---,0,0,..., tm) 

is equivalent to the generalized Dehn-Sommerville relations 

ot+l — 1 

E (-ir"'"Va„.. , at, at+i, Qfc 

/or 1 ^ fc ^ min(m — — 1), k + l — q^t^m — q. 
The equation 

fm.{-a,ti, . . . ,tm-l,a) = fm{a,ti,. . . ,tm_i,0) 

is equivalent to the generalized Dehn-Sommerville relations 

ai — 1 

/j", ai, .... at = (1 + ^ )/ai,...,afc 

for ^ fc ^ min(m — 1, n — 1). 
Proo/. 



inin(m, n) 

/m(tt, ti, . . . ,tq, tq, . . . , im) O + ^ ^ ^ ^ fat ,...,0^0^ ^ j ^ ^ ... 

fc=l 0^ai<---<afe^n-l \ l^ii <---<ifc 



miii(m— 2, n) 



min(7n— 1, n) / 

+ E E /a......a.a''^ E 

min(77i— 1, n) / 

+ E E /a.....,a.a"M E trr^...H,r^+-^-'^'=-...t-- 

min(m, n) / 

k=l OCai<-<afc^n-l V l^ii <• • • <ij =q<ij + i =g+l<- • • <;fc 
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The first summand is exactly /(a, ti, ... ,0,0, ... , tm). Therefore all the coefficients of the polynomial 
consisting of the last three summands should be equal to 0. 

Consider the monomial a°-^fl~°'^ . . . t'q^^ °'\ . . tf^^"'^ . Here q — Ik+i-t- The existence of a monomial 
of this form in the sum is equivalent to the conditions 

k ^ min(m — l,n — 1), k + I — t ^ q, t — l^m — q — 1. 

The coefficient of the monomial should be equal to 0. This is equivalent to the relation: 



Of+l — 1 

(l + (^1) '^"^ ') /ai, at, Oi+i, Ofc + ^ ] (^1)"' ' /ai, at, Of+i, ttfc = 

j=at + l 



Now let us consider the remaining relation f{—a, ti, . . . , tm^i, a) = f{a, ti, . . . , tm-i, 0): 

min(m— 1, n) / 

-(-«)"+ E E /a„...,a.(-«r E c"-...irr" 

k^l 0^ai<---<afc^n-l \ l^^i <■ ■ ■ <^fc ^m- 1 
min(m, n) / 

+ E E /a.....,a.(-«r E i?r''...t^::rc^^-''^ 

k—l 0^ai<---<a/^^n— 1 <---<lk—rrL 



min(m— 1, n) 

«"+ E E fau....a.a^'{ E C^^---* 



n— afc T-ag— ai 
h 

k=l 0^ai<-<at,^n-l \ l^Ii <-<ifc ^m- 1 



This is equivalent to the relations 



ai — 1 



( 1) ^/ai, afc + ( ai, at — /ai, afc 

for ^ fc ^ min(TO — — 1). Iffc = 0, then the corresponding relation is exactly the Euler formula 

(-1)" + (-l)"-\/„-l + ■ • ■ + /2 - /l + /O = 1. 

□ 

Corollary 18. For m ^ n relations 1. and 2. of the theorem are equivalent to the generalized Dehn- 
Sommerville relations for the polytope P"; For S C {0, . . . ,n ~ 1}, and {i, fc} C 5 U { — 1, such that 
i < k - I and S* n {i + 1, . . . , fc - 1} = 0; 

fe-i 



E i-^y^'^'fsuw - (1 - (-1)'=-^-')/^. 



j=i+i 



Proof. We see that relations 1. and 2. follow from the generalized Dehn-Sommerville relations. 

On the other hand, if i = — 1 then the corresponding relation follows from equation 2. 

If 5 = {fli, . . . ,at, ot+i, . . . , Os}, i = at ^ 0, and k = at+i; or S = {ai, . . . , at}, i = at, and k — n, 
then we can take q such that s + 1 — t ^ q ^ m — t. □ 

Remark. For n-dimensional polytopes for different m ^ n not all the equations are independent. In 
fact, for i = — 1 relation ([6]) follows from equation 2. and all the equations of type 1. do not contain the 
case i = — 1. 

On the other hand, let S — {oi, . . . ,at, Ot+i, . . . ,as}, i — at ^ 0, and k — at+i; or S — {ai, . . . ,at}, 
i = at, and k = n. Lemma |3] implies that relation ^ follows from the equation with s + l — t ^ q ^ m — t. 
Let us denote a = s + 1 — 1, b = m — t. There are two conditions for s, t, namely 

1 ^ s ^ n — 1 and 1 ^ t ^ s. 
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Let us rewrite these conditions in terms of a and b: t = m — b; s = a + t — l = a — b + m— 1, so 

m — n^b — a^m — 2; b ^ m — 1; l<a 

This gives us a triangle on the plane (a, b). Each point (a, b) of this triangle corresponds to the conditions 
a ^ q ^ b, that is there should be the equation for q in the segment [a, b] . We can imagine that this 
segment is the segment [{a, a), (a, b)] on the plane. 

Thus for m = n all the equations for ti, . . . , tn-i are necessary, for m = n + 1 it is enough to take 
the equations for g = 2, 4, 6, . . . , 2[ §]. If m > 2n — 2 one equation 

f{a,ti, . . . ,tn-l, —tn-l,tn+l, ■ ■ ■ ,tm) = /(a, h, . . . , 0,0, t„+i, . . . ,tm) 

gives all the relations of type 1. 

Now let us finish the proof of the theorem. If the homogeneous polynomial g G Qsym[ti, . . . ,fm][Q;] 
of degree n satisfies all the relations of the theorem, then it's coefficients satisfy the generalized Dehn- 
Sommerville relations. Therefore all the coefficients are linear combinations of the coefficients giai, ...,0^, 
where S = {ai, .... a^} G 5*". As we know, the vectors {fs{Q), S G ^'"}, Q G fi" form a basis of the 
abelian group of all the vectors {fs, 5 € fs&'^} = So the vector {gs, 5 G ^'"} is an integer 
combination of the vectors {fsiQ), S G ^"j, Q G O". This implies that the polynomial g is an integer 
combination of the polynomials fm{Q), Q € 0" with the same coefficients. □ 

Let us remind that rank of the space fmiV"'), m'^ n is equal to c„. 

Proposition 19. Le< to ^ 2. T/ien /^(a, ii, . . . , t„)(P") = /i(a, <i H \-tm){P") if and only if P'^ 

is a simple polytope. Here fi{a,t) is a usual homogeneous f -polynomial in two variables. 

Proof. On the ring of simple polytopes dk\-p^ — i\ > ^(*) = 

Then . . . = • therefore /™(a, h,..., t™)(P") = /i(a,ii+- ■ •+^„^)(P"). 

On the other hand, let fm{a,ti, . . .,tm){P"') = fi{a,ti + ■■■+ tmW). 
Then /2(a,ii,t2)(P") = fi{aM +t2){Pn). So 

i=0 OsSi<i^n-l i=0 

In particular, /oi = n/o, since the coefficients of the monomial i"~^i2 on the left and on the right are 
equal. Hence 2/i = /oi = n/o- This implies that the polytope P" is simple. □ 

Remark. Letting m tend to infinity we obtain that /(a, t\,t2, ■ • • )(P"') = /i(Q!, ii + ^2 + • • • if 
and only if P" is simple. 

In the case of simple polytopes the equations of the first type are trivial, but the equation of the 
second type has the form: 

/i(-a,ti H \-tm-i +a) = fi{a,ti H him-i) 

If wc denote t = ti + • • • + im-i, then a, a + t) — fi{a,t). This equation is equivalent to the 
Dehn-Sommerville relations (after the change of variables h{a,t) = fi{a — t,t) it is equivalent to the 
fact that h{a,t) = h{t,a)) 

10 Characterization of / 

In this part we find the condition that uniquely determines the generalized /-polynomial. 
At first let us find the relation between /(P") and /(dfcP"). 



Proposition 20. For any polytope P" €V we have 

^' /(a,i,ti,t2,...)(P") 



fia,t„t„...){d,P-) = l^_^ 
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Proof. Indeed, 
1 d'' 



k\ dtf" 



/(a,i,ti,t2,...)(^") 



1 d'' 
fc! W 



lim ^„$(t,)...$(ti)$(t)P" 



lim 1 — 



e„$(tr)...$(ii)$(t)P" = lim ea$(ir)...$(ii)dfcP" =/(a,ti,t2,...)(rffc^") 



t=0 



□ 



Corollary 21. 

/(a, t, t,,h,... )(P") = /(«, ii, i2, . . . )(P") + /(a, ti, t2, . . .){dP^)t+ 

+ f(a, h,t2,... )(d2P")t' + ■ ■ • + /(«, tl, t2, . . . )(dnP")t" 

/„+i(a,t,ti,...,t„)(P") = ti,...,t„0(P") + /„,(a,ti,...,t„)(dP")t+ 



Proof. The first equality follows from Proposition 1201 
In fact, both equalities can be proved directly: 

n 

fm+l{a, t,h,..., t„,)(P") = . . . W^" = (Ca$(irn) ■ ■ • $(il)dfeP") i'^ - 

k=0 

n 

= Y.fm{a,ti,...,Un){dkPnt''- 

k=0 

Letting m tend to infinity we obtain the first equality. □ 

The first equality of Corollary[21]is equivalent to the condition /(a, ti,t2, ■ . ■ )($(t)P") = /(a, t,ti,t2, ■ . ■ )(P")- 
Thus we see that the following diagram commutes 

V — ^ Qsym[ii,t2,...][a] 

V[t] — ^ Qsym[t,ti,t2,...][a] 

where f{t) = t, and T : Qsym[ti, ^2 • • • ] [ct] ^ Qsym[i, ti,t2, . ■ .] [a] is a ring homomorphism: 

Tg{a,ti,t2 ■ ■ ■ ) = g{a,t,ti,t2, ...), g e Qsym[ti,t2, • ■•]["]■ 

Remark. Note that /,„(a, ti, . . . , t™)($(i)P") = t, ti, . . . , i,„)(P") for all m > 0. 

Consider the ring homomorphism T„i+i ' Qsym[ti, . . . , tm] [a] — )■ Qsym[t, ti, . . . , tm] [o] defined as 

Tm+i{a) = a, Tm+iMi^{ti, . . . , i,„) — M^{t, h,. . . , t„i) 

Then the corresponding diagram commutes only for m ^ n. 

Theorem 3. Let -tjj : V ^ Qsym[ti,i2, • ■ - llo!] be a linear map such that 

1. V(a,o,o,...)(P")=«"; 

2. The following diagram commutes: 

V 

m 
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> Qsym[ii,t2, • • -IH 

T 

> Qsym[t,ii,i2, •■•]["] 



Then = f. 



Proof. The first condition imphes that ^{a, 0, 0, . . . )(p) = £_aP- 
Let V'(-P") =a" + E'^-(a)^-: and let w = (ji, . . . , jfe). 



Since ii, ^2, • • • )(^") = ij{a,ti,t2, . . .){<i>{t)P''), we have 



ijia, yi,y2,...,yk,h,t2,... = ^(a, ti, ts, • • • )($(yfc) • • • *(2/i)P") 



Tlierefore 



V'la, yi, . . . , yfc, 0, 0, . . . ) = V-l", 0, 0, . . . )('i'(yfc) ■ ■ • Hyi)P") = i^Hyk) ■ ■ . Hyi)P" = /(«, yi, . . . , y^, o, o, . . . ) 



Remark. Let us mention that the mapping T is an isomorphism Qsym[ii, ^2, • • • ] I"^] ~^ Qsyni[t, ti,t2, ■ ■ ■][a], 
while $ is an injection and its image is described by the condition: p(t) £ ^{P) is and only if 

^{-t)p{t) e V. 

On the ring of simple polytopes we have /(a, ii, t2, • ■ • = ii + ^2 + • • • )(p) = 
so the image of V belongs to Z[q!, tri]. On the other hand, $(<) ~ e*'', so we have the condition 
hia,h){e"'p)^ fia,t + h){p). 

Proposition 22. Let : "Ps — > i] fee a linear mapping such that 
1. V(a,0)(P") = a"; 

^. One o/ the following equivalent conditions holds: 



Hence = fu>ct' 



1"^! for all w, so ?/' = /■ 



□ 



(a) 'i{j{a,ti){e^'^p) =iP{a,t + ti){p); 
(h) ij{a,t){dp) = ^^{a,t){p). 



Then -0 = /i . 



Proof. Let conditions 1 and 2a hold. Then 



It remains to prove that conditions 2a and 26 are equivalent. 

Indeed, if tp{a,ti){e^'^p) = ^{a,t + ti){p), then ^{a,t){p) = 'ip{a,0){e^'^p), therefore 



-ijia,t){p) = -^(a,0)(e*'*p) = V(a,0)(e*%) = 
Now let 'il;{a,t){dp) = ■§^ip{a,t){p). Then 



-V(a,ti)(e>) = V(a,ii)(rf(e*>)) = ^^^(a, ti)(e*^p) 

OT Oti 




□ 



Proposition 19 in the form 1, 2b was first proved in [Buchj . 
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11 Ring V* 

Let us identify = Qsyni[ii,t2, ■ • •]• Let us remind that the representation R : Z ^ V is defined on 
the generators as Zk dk- Then R* is the mapping 

R* : V*[a] Qsym[ti,t2, •■•]["] : {R*ip{a)) Z"^ = t/^ia) {RZ"^) . 
The ring T)*[a] is a graded ring with deg a^ipi ~ i + degipi. 
Proposition 23. 

For each m let us define the ring homomorphism R*^ : T)* [a] Qsyni[ti, . . . , tm] [a]: 
RUa, h,..., t^){ij{a)) = i^{a)^{t^) . . . = i?*(a, ii, . . . , t^, 0,0,...). 

Then f^{p) = R*^ 

'-Pa.p for all p ^V. 

The restriction R* — > R„i is invective for the graduations n ^ m and the mapping R* is injective on 
the ring 'D*[a\, since the mapping R is surjective. 

Proposition 24. Let m ^ n. Then the image of the n-th graded component of the ring T)* in the ring 
Qsyni[ti, . . . ,tm] under the map consists of all the homogeneous polynomials of degree n satisfying 
the relations: 

g{ti, -ii, is, . . . , im) g(0, 0, is, ... , t^); 

5(^1, ^2, —^2,^4, • ■ • , tjn) — g{ti,0, 0, ^4, . . . , tjn)', 
g{tl, . • . , im-2, im-1, ~tm-l) = .9(^1, ■ • • , tm~2,0, 0). 



Proof. The ring V* C Z* consists of all the linear functions ip € Z* satisfying the property: 

for all zi, Z2 G Z, that is the coefficients of all t'', fc ^ 1, on the left are equal to 0. 
Since R*^ip{a) = ip{a)^{tm) ■ ■ ■ ^{ti), the relations of the theorem are valid. 

On the other hand, let g 6 Qsym[ti, . . . , tm] be a homogeneous polynomial of degree n satisfying all 
the relations of the theorem. Let us prove that the corresponding linear function ip d A4 belongs to the 
image of V* under the embedding R* . 

It is sufficient to prove the relation (|12p in the case when zi, Z2 are monomials. Since 

= 1 + (Zi - Zi)t + {2Z2 - Zl)t^ + . . . = 1 + (2^2 - Zl)^^ + . . . , and deg V = n, 
the cases deg zi + deg Z2 — n and n — 1 are trivial. Let 

zi = Z", Z2-^"', c^- u:' \uj\ + \J\=n-k, k ^ 2. 
Then the only equality we need to prove is 

(^^(-l)'^fc-.^.^ Z^' = 

Let us consider the equality 

g{ti, . . . ,ti,ti+l, — i/+3, . . . , i/+2+/', ■ ■ ■ ,tjn) = g{tl, . . . , i;, 0, 0, t/+3, . . . , tl+2+l' , ■ ■ ■ ,tm)- 

The coefficient of the monomial t . . . if if+i^^^s ■ • • ^1+2+1' "-"^ ^^'^ ^'^^^ exactly 
k f ^ \ 

Y^{-iyr^z'^Zk-^z,z'^' = Y.^-iyZk-,z, z"', 

and on the right it is equal to 0. So ijZ'^^{t)^{-t)Z'^' = for aU w, w', therefore eV*. □ 
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Proposition 25. The image of the space under the mapping ip : V ^ 'D*[a\ consists of all homo- 
geneous functions 'il'{a) of degree n such that 

^{-a)<^{a)D = 'tP{a)D (12) 

for all Dev. 

Proof. According to Proposition [3] we have ^_q$(q;) = ^a, so if ip{a) = fa,p, then 

i(;{-a)<^{a)D = £,^a'^{a)Dp = ^^Dp = i]^{a)D. 

On the other hand, let condition (fT2|) hold. Then the polynomial g{a, ti, . . . , <„) — R^tp{a) satisfies the 
relation 

g{-a, ti,..., t„_i, a) ^ 7/'(-a)$(a)$(t„_i) . . . = i/;(a)$(0)$(t„_i) . . . = g{a, ti,..., t„_i, 0). 

Proposition [24l implies that the polynomial g satisfies all the relations of Theorem [21 so g ^ fn{p"). 
We have i?*V'(Q;) = g = fn[p'^) ~ RnVa,p^- Since the restriction R* — >■ i?* is injective on j-th graded 
component of the ring V* , j ^ n, and R* is an embedding, we obtain that ^(a) = fa,p"- CH 

There is a right action of the ring T> on it's graded dual T)*: 

(V^, D)^^PD: {i;D){D') = i;{DD'). 

If degV' = n and deg-D — k, then degipD = n — k. Similarly, there is an action of X'[[a]] on 2?* [[a]]. 
Then condition (1121) means that ip{—a)^(a) = V'(q^)- Since for any homogeneous function 'ijj{a) of degree 
n the function ?/'(q:)*&(o) still has degree n, we obtain the corollary. 

Corollary 26. Let ^jj^a) e V*[a]. Then 

ipia) eifiiV) ■i^ip{~a)'^{a) ^ip{a). (13) 



Let V'('^) = V'o + ''PiOi + • • • + ipnOi^, u{a) = "00 + ip20i^ + i^iOi^ + . . . , v = ipia + ipsa^ + . . . . Then 
u{a)^{a) — v{a)^{a) = u{a) + v{a). Therefore 

u(a) ($(a) - 1) = u(a) ($(a) + 1) . (14) 

For example, 

V'orf = 2'0i; Vorfa + "02^ = ^1^2 + 2-^/'3• 
ConsidertheringP*(8)Z[i]. Then for the graded dual Hopf algebra we have: {V<g>Z[^])* ~D*(g)Z[i]. 
The condition that describes the image of the ting P Z[i] in V* » [ a] is the same, namely relation 

(CI. 



Proposition 27. In the ring T)* ®7j[j\[a\ relation TT^ is equivalent to the relation: 



L2J 

^ .(«)|M_1 = uia) , = .(a) y (-1)^-^ f Hal^\ 

^ ' ^ ^$(a) + l 1 I ^ ^ V 2 y ^ ^ 

Proof. Of course, relation (IT5|) follows from relation On the other hand, we need to prove, that 

the function v{a) defined by relation (|14p is odd, if u{a) is even. Indeed, 

y^.a) = z,(-a)|t4-T = = - Hama)-\l + <l>(a))-i$(a) = 

3'(a) + 1 

□ 
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Let us take ^Pa,p with a = 0. Then we obtam the classical map 



Proposition 28. The mapping tpo 



] is a surjection. 



Proof. Let ipo & T^* ^[il- Consider the element ipioi) — u{a) + v{a), u(a) — ipo, v{a) — V^o^^^jqrf- 
According to Z[i]-version of Corollary we obtain that — fa^p & f ^ (Xi ^[5])- Then 



Question 1. What is the image of the map ipo over the integers? 

Remark. Let us note, that the space P/ Ker ip consists of the equivalence classes of integer combinations 
of polytopes under the equivalence relation: p g if and only if p and q have equal flag f-vectors. Rank 
of the n-th graded component of the group V/ Keiip is equal to c„ ( |BB| . see also Section 6). 

On the other hand, by Corollary [HI rank of the n-th graded component of the ring V* is equal to 
c„_i , so the mapping (po : V/K^enp — !■ V* is not injective. 

Example. Let us consider small dimensions. 

• n ~ 1. V/Kevip is generated by CC = /. The ring V in this graduation is generated by d. Then 



9 n ~ 2. V/Kcrcp is generated by CCC = and BCC — P. V has one generator ^2- Then 
ipoiA'^) = 3^2, ^o{l'^) = 4d^- Therefore = (po{P ~ A^), Ker^so is generated by 3P ~ 4A2 

• n = 3. T'/Kerc^ is generated by BCCC.CBCC = CP,CCCC = A^, while V is generated by 
d3,d2d. Then 

Pa{BC^) = 5d; + 18(d2d)*, pq{CBC^) ^ Ml + 16(^2^)*, V'olC*) = 4(i* + 12(^2^)* 
So Im^Jo has the basis dg, 2(^2^)* and Kery^o is generated by 2BC^ - GCBC'^ + 5C^. 
Here by we denote the element of the dual basis: {D^, D^) = S^^a 

12 Multiplicative Structure 

Theorem 4. The ring fiV) is a free polynomial algebra. 

Proof. According to Proposition [T7l and Corollary [7] to the shuffle algebra structure theorem we have: 



Where LYNodd are Lyndon words consisting of odd positive integers. This is a free polynomial algebra. 
Therefore T>* ® 'Q[a] is a free polynomial algebra in the generators LYNodd and a. 

Let {fx] be the elements of P* (g) Q corresponding to the Lyndon words. Consider the functions 
/a (a) defined as 



□ 



MI) = 2d*. 



I?*®Q~Q[LYNodd], 



fx[a)=ux[a)+vx{a)] ux{a) = ipx, vx{a) = ux{a) 



$(a) - 1 
$(a) + 1 



Ipx 



gs(a) _|_ I 



Let us identify T>* with its image in Qsym[ti,i2, • • •] under the embedding R* . 
Then fx{a) e fiV ® Q) = f{V) ® Q. 

Lemma 4. f(V) ® Q = Q[/a, a'] . 
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Proof. At first let us proof that the polynomials {f\},a'^ are algebraically independent. 

Let g G Q[x, yi, ?/2, ■ • ■ , 2/s] be a polynomial such that g{a'^ , fi{a), . . . , fs{(^)) = 0. We can write this 
equality as 

5o(/i(a), . . . , Ma)) + 52(/i(a), . . . , Mc^))a^ + ■■■+ ff2t(/i(a), ■ • • , = 

for some integers s,t. Let us set a = 0. Then we obtain 

go(/i,...,/s)=0 

Since {/a} are algebraically independent, 170 = 0- Let us divide the equality by to obtain 
g2(/i(a), . . . , fsia)) + .g2(/i(a), . . . , fsia))a^ + ■■■+ 52t(/i(a), • • ■ , = 

Iterating this step in the end we obtain that all the polynomials g2i = 0, i — 0,1, . . . ,2t, so g = 0. 
Now let us prove that the polynomials {f\{a)},a^ generate f{V) iX) Q. 

Let ip{a) — ipo + ipict + • • • + ?A„a" £ /(P) ® Q. The polynomials {/a} generate 2?*, so we can find 
a polynomial 170 G Q[2/i, ■ • • 1 2/s] such that 

5o(/i, ■ • • = V'o 

Let us consider the element ip{a) — go{fi{ct), • ■ • , fs{c()) € /("P) ® Q- Since 6*1 = ^of for any 

e{a) =00 + Oia + 02a2 + ■■■ + G f{P) ® Q, 

we obtain that 

- .9o(/i(a), . . . , fs{a)) = '(A(a)a^. 

?/'(Q;)a^ G /('P)(X)(Q, so Vj(-a)a^$(a) = -0(0)0;^. Since 2?*(X)Q[q!] is a polynomial ring, ■0(-Q:)$(a) = ■0(a), 
so 0(a) efiP)(SQ. 

Iterating this argument in the end we obtain the expression of ■0(a) as a polynomial in {fx} and 
a^. □ 

This lemma proves the theorem. □ 

Let us note that dimension of the n-th graded component of the ring f{P) Q is equal to the n-th 
Fibonacci number c„. 

Corollary 29. There is an isomorphism of free polynomial algebras 

fir) ^ Q ^ Q[LYNodd, a^] = Modd ® Q[a^] ^ Q[LYNi2] = ^12 ® Q- 



Proof. Indeed, these three algebras are free polynomial algebras with the same dimensions of the cor- 
responding graded components: dimension of the n-th graded component of each algebra is equal to 
Cn □ 

Let us denote by fc„ the number of multiplicative generators of degree n. According to Corollary [29] 
for n ^ 3 the number of generators fc„ is equal to the number of Lyndon words in LYNodd or in LYN12 
of degree n. 

For example, for small n we have 



n 


LYNj'a 




3 


[1,2] 


[3] 


4 


[1,1,2] 


[1,3] 


5 


[1,2,2], [1,1,1,2] 


[5], [1,1,3] 


6 


[1,1,2,2], [1,1,1,1,2] 


[1,5], [1,1,1,3] 


7 


[1,2,2,2], [1,1,2,1,2], [1,1,1,2,2], [1,1,1,1,1,2] 


[7], [1,1,5], [1,3,3], [1,1,1,1,3], 



Corollary 30. 1. fc„+i ^ k, 
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2. kn ^ Nn — 2, where Nn is the number of different decompositions ofn into the sum of odd numbers. 

RemEtrk. It is a well-known fact, that the numbc!r of the decompositions of n into the sum of odd 
numbers is equal to the number of the decompositions of n into the sum of different numbers. For 
example, 

2 = 1+1 = 2 

3= 1 + 1 + 1, 3 = 1 + 2, 3 

4= 1 + 1 + 1 + 1, 1 + 3 = 1 + 3, 4 

5 = 1 + 1 + 1 + 1 + 1,1 + 1 + 3,5 = 1 + 4,2 + 3,5 

Proof. 1. fci = = fcs = 1. 

Let n > 3 and let w = [ai, . . . , a^] e LYN"2- Then Iw = [1, ai, . . . , ak] e LYN";^^ Indeed, for 
any proper tail [a^, . . . , ak], i ^ 1 if > 1, then [ai, . . . ,ak] > Iw. If aj = 1 then i ^ k and 
[ttj+i, . . . , afc] > [ai, . . . ,ak], since w is Lyndon. Thus > kn 

2. Any decomposition n = rfi + ■ • ■ + rffe into the sum of odd numbers di ^ d2 ^ ■ ■ ■ ^ dk gives a 
Lyndon word [di,...,dk] G LYNod^, except for the case, when di = ■ ■ ■ = dk = d ^ n. 

If d ^ 5, then the word [1, d — 2, 1, d, . . . , d] is Lyndon. When = 1 or (i = 3 there can be no 
Lyndon word corresponding to the decomposition n = 1 + -- - + 1 orn = 3 + -- - + 3, as it happens 
for n = 6: 

6=1+5=3+3=1+1+1+3=1+1+1+1 
We have fee = 2 and Ne = 4. Thus k„^ Nn- 2. 

□ 

Then we obtain the corollary: 

Corollary 31. For any t such that \t\ < there exists a decomposition of the generating series of 

Fibonacci numbers as an infinite product: 

oo oo 

^-^ = l + i + t^ + 2t3 + 3t^ + ... = ^c„r = n73-^^ 

n 

Where the infinite product lim J2 (i-ti)''i converges absolutely. 

The numbers kn satisfy the properties fc„+i ^ A;„ > Nn — 2, where Nn is the number of the decom- 
positions of n into the sum of odd summands. 

oo oo 

Proof. Let ^t < ^""^ • Then the series ^ c„f" converges. This means that Rn = X] c„t" > 0. 



But 



n=N 



oo n -. 



AJ- 1 

where < ^ c,. Then ^ S'„ < i?„. Therefore Sn > 0. 

n— f oo 

On the other hand, there is a criterion of an absolute convergence of an infinite product: 

oo oo 

The product 0(1 + ^n) converges absolutely if and only if the series ^ 6„ converges absolutely. 

n—l n=l 

It follows from the fact that ' = |Ml±M i ^ .^^j^g^^ ^ 0. 



oo ^ oo 

In our case the series — X] A;, ln(l — t*) converges for all < f < 2^^ , therefore X] ^i^' converges 

i=l i=l 

for the same values of t. Therefore radius of convergence of this series is at least ^""^ . This implies 
that the product converges absolutely for \t\ < . □ 

Here are the examples in small dimensions: 
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n 


generators 


additive basis 






1 


[1] 


[1] 


1 


1 


2 


[2] 


[2], [1]*[1] 


2 


1 


3 


[1,2] 


[1,2], [2]*[1], [1]*[1]*[1] 


3 


1 


4 


[1,1,2] 


[1,1,2], [1,2]*[1], [2]*[2], [2]*[1]*[1], [1]*[1]*[1]*[1]*[1] 


5 


1 


5 


[1,2,2], [1,1,1,2] 


[1,2,2]. [1.1,1.2]. [1.1,2]*[1], [1.2]*[2]. [1,2]*[1]*[1] 


8 


2 






[2]*[2]*[1], [2]*[1]*[1]*[1], [1]*[1]*[1]*[1]*[1] 






6 


[1,1,2,2], [1,1,1,1,2] 




13 


2 


7 


[1,2,2,2], [1,1,2,1,2], [1,1,1,2,2], [1,1,1,1,1,2] 
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The corresponding products are: 

{l-t){l-t^) = l-t-t^ + t^; 
(1 - t){l - -t^) = l-t-t^ +t^ + t^ -f; 

(1 - t)(l - _ ^t'^) = i-t-t'^ +2t^ -t^ -t^ + fi"; 
(1 - t){l - i2)(l - t^)(l - t^){l - t^f = i-t-t^ + 2t^ + 2t^ -t^ -t^ - 2*1°- 

The numbers fc, can be found in the following way: 

oo 

- log(l - * - i^) = - ^ A;, log(l - f ); 



i=l 



oo ^ n 

1 \ - in 



oo oo 



1=1 r=l 



Thus for any N 



[f ] ^ 

EArr7 = ]vE^^- 



According to the Mobius inversion formula we obtain 



d\N j=0 



d-j \d J ' 



N 



Where /i(n) is the Mobius function, that is 
/i(n) = < 

For example, if A?^ is a prime number N = p, then 



1, n = l; 

(— 1)'', n = pi . . .pr, {pi} - distinct prime numbers; 
0, n is not square-free. 



i=0 ^ •' 3 = 1 



Each summand is integer, since = 
numbers. 

Thus ^5 = 2, = 4, fcii = 18, and so on. 



is integer, and {p — j) and j are relatively prime 
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13 Bayer-Billera Ring 



Let us consider the free graded abelian group BB C V, generated by 1 and all the polytopes Q G fl", n = 1,2, . . . . 
Rank of the n-th graded component of this group is equal to c„. 

Since the determinant if the matrix K" is equal to 1, the generalized /-polynomials {/(Q), Q G ft"} 
form a basis of the n-th graded component of the ring /{V). 

So the composition of the inclusion i : BB C V and the mapping / : P — >■ Qsym[ti,t2, • • - lic^] is an 
isomorphism of the abelian groups BB and /('P). This gives a projection tt : V BB 

7r{p)=xeBB: f{p)^f{x). 

It follows from the definition, that tt o i = 1 on the space BB. 

Theorem 5. The projection n : V ^ BB defined by the relation fi'Kp) — f{p) gives the group BB 
the structure of a commutative associative ring with the multiplication x * y = 7r(x x y), such that 
f{x * y) = f{x)f{y) and BB (S)Q is a free polynomial algebra in a countable set of variables. 

14 Rota-Hopf Algebra 

14.1 Hopf Algebra of Graded Posets 

Definition 23. Let P be a finite poset with a minimal element and a maximal element 1. An element 
y in P covers another element x in P, if x < y and there is no z in P such that x < z < y. A poset P 
is called graded, if there exists a rank function p : P — >■ Z such that p(0) = and p{x) + 1 = p{y) if y 
covers x. Let us denote p{x,y) = p{y) — p{x) for x ^ y, and p{P) = Two finite graded poset are 

isomorphic if there exists an order preserving bijection between them. 

Let TZ be the vector space over the field k with basis the set of all isomorphism classes of finite graded 
posets. is a graded connected Hopf algebra where the degree of P is its rank p{P), the multiplication 
is a cartesian product of posets 

P ■ Q = P X Q, {x,y)pxQ ^ {u, v) if and only if x ^ w and y ^ v, 

the unit element is the poset with one element = 1, the comultiplication is 

A(F)= ^ [6,z]®[z,i], 

were [x,y] is the subposet {z G P\x ^ z ^ y}, and the counit 

10, else 

The antipode of the algebra TZ is given by the formula [Schl] : 

S{P)^^ ^ {-l)''[xo,Xi] ■ [xi,X2] . ■ .[Xk-l,Xk] 

k^O 6=a:o<2;i< - <a:fc = i 

Example. For the simplest Boolean algebra Bi — {0, 1}, which is the face lattice of the point pt 

A{Bi) = 1 (8)Bi +Bi ® 1 
5(Bi) = -Bi 

The Hopf algebra of graded posets was originated in the work by Joni and Rota }JR) . Variations of 
this construction were studied in [Ehn lABS. .SchTl ISch2) . A generalization of this algebra can be found 
in [RS]. 
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14.2 Natural Homomorphism from the Ring of Polytopes to the Rota-Hopf 
algebra 

There is a natural linear mapping L : P TZ oi degree +1 that sends a polytope P to its face lattice 

HP). 

It is easy to sec that this mapping is injcctivc. but it is not a ring homomorphism, since it doesn't 
preserve a unit: it sends the point pt to the Boolean algebra L{pt) = Bi, while the unit of 7?. is a 
one-element set {0 = 1}. 

Remark. Let us note that L{P xQ) ^ L{P) x L{Q), since the face lattice L{P x Q) contains the empty 
face 0, which can be considered as 0x0, but evidently has no faces of the form F x or xG, where 
F and G are non-empty faces of P and Q respectively. 

Definition 24. There is a natural linear mapping I = L * d* : P TZ oi degree that sends the 
polytope to the sum of the face lattices of its vertex figures (Let us recall that the linear operator * 
sends the polytope P to its polar P*.) 

;(pt) = {6}, i{p) = L{{dP*y)= ^(^/^)- 

w -vertex 

Example. To illustrate the mapping I let us consider the sets of simplicial and simple polytopes: 

• For a simplicial polytope P" each vertex figure is again a simplicial polytope. Combinatorially we 
have d{P"'/v) = linkgpn (v). Therefore the operation *d* preserves the linear space of all simplicial 

polytopes. 

• For a simple polytope P" all of its vortex figures are simpliccs, therefore *d* (P") = /o(P")A"^^ 
and 1{P") = /oP(A"-i) = /o{0, 1}" = /oPf = P„, where /o(P") is the number of vertices of P", 
and {6, i}" = = B„ is a Boolean algebra. For example, Z(A") = {n+l)B^ and i(A") = B^+^. 

Proposition 32. / is a homomorphism of graded rings. 

Proof. We have 

i{p)= Yl L{p/v) = j2[v,p], 

V- vertex " 

where L/v is a vertex figure, and [v, P] is the interval between the vertex v and the polytope P in the 
face lattice L{P). Then 

1{P X Q) = X w,P X Q] = Y,[v,P]^[wM = [Y}''^P^] ■ (El^'^l) = KP)-KQ) 

vxw vxw \ V / \ w / 

Here v, w are vertexes of P and Q respectively. □ 
Definition 25. Consider the linear span of all Boolean algebras B„ = {0, 1}" = i(A"~^), n > 

B = Ls(l,Bi,S2,...) C7^. 

We have BiBi = Bi+j, so it is a subring in TZ. Let us denote x = Bi. Since Aa; = l(8>a;-|-a;(g)l, itisa 
Hopf subalgebra isomorphic to the Hopf algebra k[x], Ax = 1 ^ x + x ® 1. 

Proposition 33. The image of the ring of simple polytopes Vg under the mapping I is a Z-subalgebra 
in B multiplicatively generated by 2x and x"^ , that is 

l{Vs) = I\xi,X2\/{xl -4x2), dega;i = l,dega;2 = 2 

where x\ corresponds to 2x = 2Bi and X2 - to x^ = B2 

Proof. Indeed, for a simple polytope P" we have l(P") = fox^- On the other hand, we know that 
for any simple polytope 2/i = n/o, therefore for odd n the number of vertices /o should be even. So 
l{Vs) G Z[2x, x2]. On the other hand, 2x = /(/) and x'^ = 1{P - A^). □ 
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In |Ehr] Richard Ehrenborg introduced the i^-quasi-symmetric function of a graded poset of rank 



n 



^i-P) y ' -^^(p(a;o, p(a:i, 2:2), p(a;fc, aifc+i)) ^ ] /ai , . . ., Af(ai , a2-ai , n-Ofc) 

6=Ko<2;i<-<£Cfc+i = i 0<ai<-<afc<n 

where the sum ranges over all chains from to 1, and fai. ...,ak &re flag numbers. This mapping induces 
a Hopf algebra homomorphism F : TZ ^ Qsym[ti, t2, ■ ■ ■]■ 

Proposition 34. For a polytope P" the following relation holds: 
Thus 

Proof. For the point pt the relation is trivial i^(Z(pt))* = 1 = f{0,ti,t2, ■ ■ ■ )(pt). 

Since in the poset L{P/v) — [v,P] rank of v is equal to its dimension 0, p{F) — dimF, and we have: 

V dC-F"2 c-'-CF^fc CP" 

J2 /0,a2, .... a, a°M(„_„,, _0) =/(0,ti,t2,...)(P") 

0<a2<---<afc<n 

□ 

Proposition 35. We have 

L = lo{C~^[I]), 

where C is a cone operator and [I] is the multiplication by the interval /. So the images of the maps L 
and I over in dimensions n 1 coincide. 

Proof. Let us mention that 1 — {0} does not belong to the image of L. 
For a polytope P we have L{CP) = {6, 1} • L{P) = L(pt) • L{P). 

On the other hand, /(/) = 2{0, 1} = 2i(pt). So i(pt) belongs to the image of I if and only if 2 is 
invertable. 

Let P be an n-dimensional polytope, n ^ 1. Then 
1{CP) = L{*d * CP) = L{*dCP*) = + CdP*)) = L{P) + L{C *d*P)^ 

= L{P) + L(pt) • 1{P) = L{P) + h{F) ■ 1{P) = L{P) + ^ X F 

So L{P) = I {CP -^IxP). □ 

Remark. The homomorphism I is not injective: we see that on the ring of simple polytopes it remembers 
only the number of vertices. However Propositionl35lshows that I is invective on the image of the operator 

Corollary 36. 

F{LiP)r ^ CfiP)\^^„- a,f{P)l^,, 

00 

where ai = J2 '^i — -^^(i) • 
1=1 

Proof. This formula follows directly from Proposition [35l □ 

Let us denote the linear mapping Qsym[ti, ^2, . • . ] [a] — — ^'*^°~"> Qsyni[ti, ^2, • . • ] by A. Then on 
elementary monomials A has a very simple form 

^("°'^(n-afc, ...,a2-ai)) = *^(n-afc ,. . ., aj-ai , ai +1) 
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Example. For a simple polytope P" we have Z(P") = /o • L{A" ^) = fox", 

= = /o< = /(0,ii,t2, . . . )(P") = /i(0,ai)(P"). 

Using Corollary [36] we obtain that 

CO 

F{L{P"jr = (C-ai)/i(a,ai)(P")|„^o = ^iJi(t„ti + ... + t,_i)(P") = 

OO 71 / DO 

= E ^r' + E E *r'"^(^i + • ■ • + *^-^y 



(n— a/c, .... 02 — ?, n-\-l — i) 



= ^kn+i) + E E 

1 I— ai<---<afc<n 

For example, F{L{A"))* = a"+^ . 

Thus the relation between the Ehrenborg P-quasi-symmetric function and the generalized /-polynomial 
can be illustrated by two commutative diagrams 



r — ^ Qsym[h,t2,...][a] 
'1 ' 



V — ^ Qsym[ii,i2,...][a] 



> Qsym[ii,i2, 



n 



For other relations see the next subsection. 



F* 



■> Qsym[ii,t2, . . .] 



14.3 Hopf Comodule Structure 

Definition 26. By a Hopf comodule (or Milnor comodule) over a Hopf algebra X we mean a fc-algebra M 
with a unit provided M is a comodule over X with a coaction 6: A/ ^ X®M such that 6(mw) = b{u)b{v), 
i.e. such that 6 is a homomorphism of rings. 

The ring homomorphism I can be extended to a right graded Hopf comodule structure on V 

Proposition 37. The homomorphism A : V P ® TZ: 

A(P")= J2 F®L{P''/F)^ F®[F,P'^], 

FCP^ FCP" 

where by definition L{P/P) = [P,P], defines on V a right graded Hopf comodule structure over TZ such 
that 

(£®id)AP = 1(8)Z(P) 
Here by k we mean Z or Q. In the latter case we should take V <S)Q- 
Proof. We should proof that the following three diagrams commute 

A 



■V®TZ 

id® A 



R 



„ „ A(g)id „ „ 

V®TZ ^V®TZ 



idigil 



p®7^^P0k 



P®TZ- 



TZ 



and that A is a ring homomorphism. Indeed, we have 



(A (g) id)AP = (A «) id) ^ P (g) [P, P] = ^ ^ G eg) [G, P] ® [P, P] 



, FCP 



FCP \GCF 



^G® [G,P] ® [P,P] = ^ G®A[G,P] = (id® A) AP 



GCP \GCFCP 



GCP 
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(id ®e)A(P) =J2^® ^([^' P]) = P^ 1> 

FCP 

and 

(e «) 1)AP = ^ e(i^) [F, P] = ^ 1 [w, P] = 1 j ^[w, P] J = 1 O 
f'cp „_ vertex V « / 

Let us check that A is a homomorphism of rings V ^ V ®Tt: 

A{PQ) = FxG(E)[FxG,PxQ]= ^ F x G [F, P] ■ [G,Q] = 

FxGCPxQ FCP,GCQ 

J2 i^®[PP] I ■ I J2 G®[G,Q] I - A(P).A(Q) 

^FCP J \gCQ J 

A(pt) = pt (8)[pt, pt] = 1 (g) 1 

□ 

Corollary 38. • Any ring homomorphism (p : V ^ ii defines a ring homomorphism V TZ 

• Any homomorphism of abelian groups tp : TZ ^ Z defines a linear operator ^ £ C(V) 

• In particular, if : TZ ^ Z is a multiplicative homomorphism, then 'i' is a ring homomorphism. 
Example. Let ip — ^a- Then we obtain the ring homomorphism la : V T^io] defined as 

Z„(P") = (^a ® id)AP" = J2 a'''"^[F:P] 

FCP 

• If we set a = 0, then we obtain a usual homomorphism I. 

• On the ring of simple polytopes Vs we have 

FCP" FCP" 

is a homogeneous /-polynomial in two variables. 
Set F{a) — a. Then we have the ring homomorphism F: TZ[a\ — >■ Qsym[fi,ti, . . .][«]. 
Proposition 39. Let P" be an n-dimensional polytope. Then 

PG„(P")) = /(P")* 
Proof. The proof is similar to the proof of Proposition 1341 

F"iCP F°icF°2c---CF"fcCP" F-iC-'-CF^fcCP" 

□ 

Proposition 40. The following diagram commutes: 

V — ^ Qsym[ti,i2, •■•][<»] 



A 



1 



PiSiTl ^ Qsym[ti,t2, . ■ .][a] iSi Qsym[ti,t2, . 
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Proof. We know that 

A(M(b,^...,f„)) = + A%,,...,b,) + •■• + Af(6,^...,,,_,) S5M(,,) +M(,^,...,b,) 

and 

/(a,tl,t2,...)(P")* «"'^(a.-ai,...,„-a.) = ^ , 

F°i c---CF°fc F"! C---C-F"fc CP" 

Then 

F"iC---CG"^'C---CF"fcCP" 

= E ( E a"^M(a,-ai....,a,-a,_o)^( E M(,^ + i-a., I = 

= E r(G)$5F([G,P"]) = (r ®F)AP". 

GCP" 

□ 

These two propositions summarize the relations between the Ehrenborg P-quasi-symmetric function 
and the generahzed /-polynomial. 

15 Problem of the Description of Flag Vectors of Polytopes 

We have mentioned that on the space of simple polytopes 

f{a,t,,t2, . . . )(P") ^Ma,t,+t2 + ... )(P") = Ma, ai)(P"). 

The only linear relation on the polynomial fi is a, a + t) — fi{a, t) and it is equivalent to the Dehn- 
Sommerville relations. In fact, for the polynomial g = g{a,ai) g Qsym[ti,t2, • ■ -IH this condition is 
necessary and sufScient to be an image of an integer combination of simple polytopes. 

One of the outstanding results in the polytope theory is the so-called g-theorem, which was formulated 
as a conjecture by P. McMuUen |Mcl] in 1970 and proved by R. Stanley |Stl) (necessity) and L. Billera 
and C. Lee |BLj (sufficiency) in 1980. 

For an n-dimensional polytope P" let us define an h-polynomial: 

h{a,t){P'') = hoa" + hia"-H + ■■■ + K-iaf^^ + h„t" = fi{a - t,t){P'') 
Since fi{~a,a + t) — fi{a,t), the /i-polynomial is symmetric: h{a,t) — hit, a). So hi — hn^i. 
Definition 27. A g-vector is a set of numbers go — 1, gi — hi ~ hi-i, 1 ^ i ^ [^]. 

For any positive integers a and i there exists a unique "binomial i-decomposition" of a: 



a 



where Ui > a,i_i > ■ ■ ■ > Uj ^ j ^ 1. 
Let us define 



For example, (1), so a<i> = ("+i) = ion > a we have a ^ Q + + • ■ • + {^T^, so 



a<'> = a. 



Theorem (g-theorem, [Stl| . |BL| ). Integer numbers (ffojffii • ■ • i5[f]) form a g-vector of some simple 
n-dimensional polytope if and only if they satisfy the following conditions: 



30 = 1, O^gi, 0^5,+i , z = l,2. 



- 1. 



39 



As it is mentioned in fZJJ even for 4-diniensional non-simple polytopes the corresponding problem 
is extremely hard. 

Modern tools used to obtain linear and nonlinear inequalities satisfied by flag /-vectors are based on 
the notion of a cd-index [BKl IBETI lBE2l 10 111 E [St3] , a toric /t-vecto r [BH |^ E [Stl Eti] and its 
generalizations |Fli IF2i [E] , the ring of chain operators [BHi IBLiui IKalai] . 

In [Stlj R. Stanley constructed for a simple polytope P a projective toric variety Xp so that hi are 
the even Betti numbers of the (singular) cohomology of Xp. Then the Poincare duality and the Hard 
Lefschetz theorem for Xp imply the McMuUen conditions for P. 

In |Mc2j P. McMullen gave a purely geometric proof of these conditions using the notion of the 
Polytope algebra. 

In [St2j Stanley generalized the definition of the /i-vector to an arbitrary polytope P in such a way 
that if the polytope is rational the generalized hi are the intersection cohomology Betti numbers of the 
associated toric variety (see the validation of the claim in [Fi]). 

The set if numbers {ho, . . . , ft,„) is called a toric /i-vector. It is nonnegative and symmetric: hi = hn-i, 
and in the case of rational polytope the Hard Lefschetz theorem in the intersection cohomology of the 
associated toric variety proves the unimodality 

1 = Ao ^ /ii . . . h[r^^ 

Generalizing the geometrical methods of P. McMullen |Mc2] Kalle Karu ^ proved the unimodality for 
an arbitrary polytope. 

The toric /i- vector consists of linear combinations of the flag /-numbers. In general case it does not 
contain the full information about the fiag /-vector. In [L] C. Lee introduced an "extended toric" h- 
vector that carries all the information about the flag /-numbers and consists of a collection of nonnegative 
symmetric unimodal vectors. In |F1) and |F2] J. Fine introduced the generalized h- and (^-vectors that 
contain toric h- and g- vectors as subsets, but can have negative entries. 

Let us look on the problem of the description of flag /-vectors from the point of view of the ring of 
polytopes. 

In the case of simple polytopes we can use the g-theorem to describe all the polynomials 
ip G Qsym[ti,i2, • ■ - IM that are images of simple polytopes under the ring homomorphism /: 

tp{a, ti,t2, ■ ■ ■) — /(a, ^1,^2, • . . )(P"), F" - a simple n-dimensional polytope. 

In general case Theorem [5] gives a criterion for the polynomial G Qsym[ii, ^2, • ■ • ] [ck] to be an image 
of an integer combination of polytopes. 

Question 2. Find a criterion for the polynomial ip G Qsym[ti , ^2 , • . • ] [a] to be an image of an n- 
dimensional polytope. 
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